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I'maBa 1

YBoa

1.1 Mogennpane ¢ nudepeHINAJIHA YPaBHEHUS

3a Jla onuieM JIaJIeH peaJieH Ipolec WU MPUJIOYKEH MpoOJeM, HHe Ce CTPeMHUM
Jla HaMepUM 3aBUCHMOCT MeKJ/y OCHOBHHUTE BEeJIWYWHU, KOUTO I'0 XapaKTepu3upar.
OOUKHOBEHO HE3aBHCUMUTE IIPOMEHJIUBH, KOUTO OMUCBAT €IUH IIPOIEC, ca TPHUTE
ITPOCTPAHCTBEHN MTPOMEHJIUBHA — T, Y, Z 1 BPEMETO .

He e Tpynno ma Buamm, de HelmaTa OKOJIO HAC ce M3MEHAT — KaKTO € BpeMe-
TO, TaKa W HPH IPOMSHATA HA TOYKATA OT MPOCTPAHCTBOTO. OT MaTeMaTHYecKa
rJiejTHa TOYKa, TOBA 03HA4YaBa, Y€ MOBEYETO MAaTeMaTHIECKU MOJIEJIM HEMUHYEMO II1e
ChIbPYKAT TTPOU3BOJHN IO OTHOTIEHWE Ha BPEMETO W MPOCTPAHCTBEHUTE ITPOMEHIH-
BH. TOBa IIpaBu €CTECTBEHO Pa3IJIeXKJIAHETO Ha UM epeHIHaTHITe YPABHEHHS KATO
OCHOBHO CP€JICTBO Ha MAaTEMaTHIECKOTO MOJIeTUPAHE.

Ot apyra cTpaHa, Ha IpaKTHKa, TPYIHO MOXKe Ja ce HamMepu 00J1acT OT Hay-
KaTa ¥ TEXHOJIOTMHUTE, B KOJATO /I3 HE Ce U3MO0JA3Ba alapaTbl HA MaTeMaTUIeCKOTO
MOJIeTNPaHe.

B peanno Bpeme ce m3umcagBAT TpaeKTopunTe Ha careantuTe. CaMOJeTHHTE WH-
JKeHepH CHMYJIHpAT OOTHYAHEeTO Ha KPU/IAaTa HAa CaMOJeTa OT Bb3/YIIHHA IIOTOK
U HaIIpeKeHUsTa, Bb3HUKBAIIA B Heropara crpykrypa. CTpouTeTHUTEe HHXKEHEepH



CUMYJINPAT IMOBEICHUETO HA JAJIEHA CI'PaJa IpHu pasjmdan curyarnuu. OT HKOHOMY-
JecKa IVIeIHa TOIKA, Te3W KOMIOTHDHHU CUMY/IAIANA TO3BOJISABAT MECTEHETO Ha MUJIN-
OHU, T'bil KATO HE € HeOOXOJAMMO J1a Ce MPABAT MPOTOTHITH, YPe3 KOUTO JIa €€ TeCTBAT
BCUYKH Bb3MOKHH IOBEJICHUS HA CHCTEMATa.

MaremaTudeckn MOJeTH W KOMIIOTHPHU CUMYJIAIMYN Ce TPABAT OIlle 3a TPeIBUK-
JIaHus B 00J1aCTTa HA METEOPOJIOTHSATA, 34 OMKMCBAHE HA PA3JIMYHH [POIECUH B MEJIH-
nuHaTa (HampuMep IIOTOKa Ha KPbBTA), 3a Ona3BaHe HAa OKOJHATA cpeja (HarmpuMep
3a CHMYJIAIMS] Ha PA3BUTHETO HA JAJEH MeTPOJIeH PA3JInB) U T.H.

Pazbupa ce, cblecTByBaT U APYTH BUIOBE MaTeMAaTHYECKW MOJIETU, OCBEH -
depeHIUATHITE YpaBHEHUS, HAIPUMED B MOCJIEIHATE TOIMHHI BCe MOBeYe ce TOBOPU
3a “big data” m ce pasBuBaT aaropuTMH 3a 00pabOTKaTa Ha TE3W TOJEMH MaCUBH
orT nanuu. Bee nak obave jaudepeHInaJ HuTe yPaBHEHU OIMMCBAT OIPOMHA YaCT OT
BBH3HUKBAINTE PEATHU 3a/Ia9H.

1.2 Kuaacose mudepeHNnaJH ypaBHEHUS U 3812491,
KOUTO T€ OINCBAT

OcHoBHHTE JIBa KJjaca JTU(epeHInaJ il YpaBHEHUsS ca OOMKHOBEHUTE M YaCTHUTE
JnupepeHnaIHd yPaBHEHUS.

1. ObukuoBenn nudepenuannu ypasuerus (O1Y). Tosa ca ypaBaenus,
B KOWTO y4YacTBa Hem3BecTHa (DYHKIHA Ha eJJHA MPOMEH/INBA U HeiflHUuTe mpo-
m3Boauu. Hanpumep tohpeum dynkmms u(x) takasa, ge

u'(z) +u(z) =2+ 1.
Pasrnexpanero na OJLY e ecrecTBeHO HAIIPUMED B CJICIHHTE CJIYUaH.
o Pasmiexialiku cTallMOHaAPHOTO C'hbCTOSIHUE HA JIAJIEH 1IPOIEC, BPEMETO He

Y4qaCTBa KaTO HE3aBHUCHMa IIPOMEHJINBA.

— Axko Mogziesinpane 06eKT, KOMTO MOKe J1a Ce pa3IyIek1a KaTo ejlHoMe-
per (Hamnpumep KabeabT Ha H300paXKeHneTo Mo-J0JLy, KOWTO € JIbIbr
M ThHDBK), € eCTeCTBeHO Hem3BecTHATA (DYHKIMs JIa € HA eJ[HA He3a-
BHCHMa (IIPOCTPAHCTBEHA) poMeHuBa (T.e. Thpeum u(z) =7).



— CbmoTo ce oTHACT W B CJIydas, KOraTo IMPOIeChT, KOMTO onucsame,
ce XapakTepusmpa ¢ omnpejiejiena cumerpusd. Hampumep, ako umame
pajmagHa CUMeTpHs, KaKTO € B ¢Jydas ¢ pa3npocTpaHeHne Ha TOIl-
JMHATA [0-70J1y, Heu3BecTHaTa (bYHKIMs 11e Obje u(r), KbIeTo T e
Pa3CTOAHUETO JIO HEHTbPA.

heat flux Q,

e /Ipyrara NpUHIMIIHA CUTYAIU, TP KOATO HEM3BECTHOTO € (DYHKIU Ha

eIHa MPOMEHJINBA, € CJyYasdAT, KOraTo MoJeaupamMe XOMOTE€HEH MpPOIecC.
AKo cpemaTa e XOMOreHHA, T.e. H3CJCABAHATA BEIMYAHA He 3aBUCH OT
TOYKATA B IPOCTPAHCTBOTO, €IWHCTBEHATA HE3ABUCHMA IIPOMEHINBA, €
BpeMeTo, T.e. Thpcum u(t) =7.
KaTo npumep MOXKeM J1a 1aJIeM MPOIECHTE B XOMOTeHeH O1opeakTop (BK.
cxemara To-70Jy). B Hero mma cucTeMa 3a XOMOTEeHH3UpaHe Ha cpejaTa
(HanpuMep GbPKATKA), KOSATO OCUTYPsIBA PABHOMEDHO JOCTUTAHE HA XPa-
HUTEJIHUTE BEIleCTBa A0 OPraHU3MUTE, OTIVIC2KAAHU B PEaKTOPA. TOFaBa
KOHOEHTpaluATa UM IIe 3aBUCH CaMO OT BpeMeTO, HO HE U OT TOYKaTa B
HPOCTPAHCTBOTO.
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Yecro, NpeInosoKeHIeTo 33 XOMOT€HHOCT Ce IIPABH KATO II'bPBO MPUOJIMKEHHE
TP MOJIeTUPAHETO Ha JaJIeH PeaseH mpoIec, KOMTO BCHITHOCT He € XOMOTeHeH.

2. Yacrun audepennuanan ypasHenus (UAY). B gacraure nudepenmu-
AJHM yPaBHEHUsI, KAKTO MOJCKA3Ba UMETO MM, Hem3BeCTHHTE ca (DYHKINU Ha
HAKOJIKO IIPOMEHJIMBY U y9acTBAT TEXHHTE YaCTHH IPOM3BOAHU. Hampumep
TbpeuM hyHKIHA u(x, y) TaKaBa, de

Pu
oz oy?

Ha To3m eram 1me ce orpanuyuM J0 TOBa Jla HAIPABUM KJIaCHUMUKAIUS Ha
Y1V, KouTo e pasriekjaMe B Kypca, IO OTHOIIEHWE HA IPOMEHJIUBUTE,
ydJacTBalllyd B Heu3BecTHaTa (bpyHKIHs. B 3aBUCHMOCT OT TOBa JaJi yd4acTBa
BpeMeBaTa 1IpOMEHJ/IMBa, WJIX HE, 'OBOPUM 3a HECTAUUMOHAPHU U CTalUOHAPHU
3aIa4N.

e CramuonapuuTe 3371a49n (B KOUTO HE YIACTBA BPEMeTO t) GUBAT 2-MePHH
(nemsBecrnara dbyukius e u(z,y)) u 3-mepuu u(z,y, z). Te onucsar pas-
HOBECHOTO C'bCTOSIHUE Ha JAJIeH MPOIEC.

e Hecrammonapuure 3a7a4u ONMKUCBAT BpeMeBaTa eBOJIIONN HA JaJleH HPOo-
mec. Te morar ma Obaar 1-, 2- mam 3-mepan. ChOTBETHO HEM3BECTHATA

(byHKHHH € U(l’, t)a u('ra Y, t)a u(m, Y, =, t)

CoimecTByBar ore AudepeHInaaHi yPaBHEHUS ChC 3aKbCHEHN ST, HHTErPO-1upepeHIna nm
YPaBHEHUA U JIp., HO T€ OCTaBAT U3BbH PAMKHATE Ha HACTOANIUA KypC.

1.3 Ilpumepu 3a OY

Tyk me pasriemsame camo HAKOAKO npumepa 3a OJLY, KouTo Iie m3moJa3BaMe Imo-
HATATHK KATO MOIEJTHH 338491, BbPXY KOUTO e H3/J0KIM U H3CIeIBaMe Pa3ryIerk-
JTaHUTe 9uCcaIeHd Meroau. [loBede mpuMepn ¢ IpUIOKHA 3HAYUMOCT IIe pasriegaMe
B yacrTa “Case Study”. Paznoobpasuu npumepn morar jaa ObJaT HaMepeHu u B [8].



e Baxkna npuymnHa 3a 3HAUUMOCTTA HA JudEepeHnaIHuTe YpaBHeHusd € PaKIbT,
4e TOJIMa YacT OT 3aKOHHTE Ha (PU3MKATA, XUMULTA U T.H. TPEJICTABIABAT
UMEHHO JudepeHIinaj i ypasuenus. Karo mpumep e jiajgemM pyHgaMenTal-
HUd 3aKOH Ha HioTOH, Ha KOUTO ce OCHOBaBa ONUCBAHETO HA BCAKO JBUZKEHUE
B KJlacHUecKaTa MeXaHUKa:

d*u

F(t) =ma(t) = F(t) = mﬁ,

K'bJIETO N € MacaTa Ha JajieHo 1510, F'(t) u a(t) ca chorBeTHO (pesyaTaHnTHATA)
CHJIa, JIefiCTBAINA BbPXY TSJIOTO, M YCKOPEHHETO B MOMEHTa OT Bpeme ¢, a u(t)
€ OTMECTBAHETO HA TAJIOTO CIIPAMO HAYAJIHAS MOMEHT.

I Taka, 3akoubr Ha Hioton mpeicrasiagsa eano OJLY or Bropu pex (T.e. B
HEro y4acTpa BTOpaTa MPOM3BOJIHA HA Heu3BecTHATA (DYHKIHS ).

e MaTeMaTn4ecKOTO MOJE/JUpaHe HABJIM3a BCe HoBede B 00J1acTTa Ha OMOJIOIH-
ara (3a nosede nudopManus BxK. HAIPUMEP Kiacudeckara MoHorpadus |7]).
Hue 1ie ce cupeM Ha jiBa KJIaCHIeCKH MOJIE/A, ONUCBAIY PA3BUTHETO HA /14~
neHa monyaarusi. Heka u(t) e guciaeHocTTa Ha MOMYJAIMATa B MOMEHTA OT
BpeMe t. [lle pasriemame momenute Ha Mantyc n Bepxbiict.

— 3akon na MaJsTyc 3a ekcrionennuaJjen pacrezx. Toit ce ocHOBaBa Ha IIpe-
MMOJOXKEHUETO, Y€ U3MEHEHUETO HA YUCJICHOCTTA Ha IMOIMYJAIAATA € MPO-
MOPIMOHAJIHO Ha HeifHaTa YUCJIEHOCT. 3aliCcaHO B TEPMUHHTE Ha MaTe-
MaTHKaTa, ToBa npeacrasiasasa exHo OJIY or mbpBH pea 0 OTHOIIEHHE
Ha U!

du

dt
K'bJIETO MMAapaMeTbpbT r € KoeUIHeHTHT Ha HPOIOPHHOHAJIHOCT H Ce
Haprda KoedHIHeHT Ha eCTeCTBeH IIPUPACT.

ru,

JlecHo MozKe Jia ce 1poBepu, 4e
u(t) = u(0)e"

e peirernue Ha Mojiesia Ha MaJsityc. To oTKpuBa €/1uH ChIEeCTBEeH PodIeM
Ha TO3U Mojes — mpu r > (0 TOil mpeaBMK/Ia HEOTPAHUYEHO HAPACTBAHE
Ha TOIYJIANNsITa, KOeTO, pa3dupa ce, He € PeaTuCTUIHO.

— 3akon Ha Bepxwbjct 3a joructuden pacrexk. Toit ce ocHoBaBa Ha Hies-
Ta, 4e ChIIEeCTBYBA MaKCUMAJIHA YUCJIEHOCT K| KOATO KU3HEHATA Cpejla
MoOzKe ma noaabpzxa. CregoBaresno, ako v = K, To nomysanusta ve 6u
TpsibBaIO fa ce m3MeHs nopede, T.e. du/dt = 0 npu v = K. Tsa tpabsa
Jla HamaJsigBa npu u > K u jma pacre npu u < K. Te3u nHabsojeHus ce
OIHCBAT OT MOJIeJIa

du
— =ru(K —u).
o ( )
To4HOTO pelreHre HA ITOC/IEHOTO YDABHEHHE €
Ku(0)e™

"0 = Koy — 1)

EvmnuprdaanuTe cBeJleHUdA NOTBBPK/IaBAT BAJIUTHOCTTA HA TO3U MOJEN, KO-
raro HOILYJIAIUATA C€ HaMUPa 1P OJIArOUPUATHU YCIOBUS:
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Mogenute na Manryc u Bepxbict npeacrapiasgsar O/lY ot nmbpBu pej, Ka-
TO B JIICHATA CTPaHa He3aBUCHMAaTa ITPOMEHJIMBA T HE ydacTBa siBHO. Takuba
ypaBHEHHUs ce HapudaT aBTOHOMHM.



I'1aBa 2

Hucaenn meroau 3a OJ1Y

Tebpme manko OV morar ma ObIAT pelleHd aHATATHYIHO. TaKuBa ca HaIpuUMep
YDABHEHHsITA C PA3JIEJISINH Ce IPOMEH/IHBH, JIMHEHUTe YDaBHEeHUsI U D. (3a IoBeve
nndopmanns — Bx. |2, 8]). ETo 3amo maii-1ecto 3a TAXHOTO peraBane e HeoOXOUMO
U3I0I3BAHETO HA YUCICHU METO/IH.

2.1 Ilpubim>xaBaHe Ha ITPONM3BOAHMT HA (PYHKIINA HA
eJIHa IIPOMEHJINBA.

[IpousBoanara na (pyHKImA MOXKe Jia Obje jgedunupana KaTo
) t+ At) — f(t)
F ==

Tasu gedunuImsg He € Bb3MOXKHO Jla ce peaju3upa B KOMIIOTbpHATA apUTMETHUKA,
Tbif KATO BCHYKHU YHCJIA B KOMIIOTbHpa €€ HPEICTaBAT ¢ ompejeseH Opoil 3Hade-
my uudpu ciien jgecerndnara Touka. CiiegoBaressHo OUXMe MOIVIM Ja TPUOIUZKHAM

Ipou3BoAHATA IO CJACeAHNA HAYUH:

S+ A = f{t)

"(t) ~ 2.1
karo u3bepem At 1a 6bae dbukcupano Maiako dnciao (Hanmpumep At = 0.001).
Ako nosoxxum dopmanno At = —As b dopmyaa (2.1), To me nosydum Apyr

Ha4YUH 34 HpI/I6J'II/I)KaBaH€ Ha IIPOU3BOJHA:

i JEHA) = f@) _ fE—As)— f() _ f(H) = f{t—As)
f) =~ At N —As N As

piay ~ TOZIEZ 20, (2.2)

Karo c¢bbepem dbopmysure (2.1) u (2.2), noaydaBame CJeHOTO:

£(t) ~ f(t+At)2;L:f(t - At)‘ (2.3)

Bamaua 1. /la ce npubsmku npousBoanara Ha ¢yHknusaTa f(x) = e” B uHTEpBaIa
[0,10], karo ce m3momssar dbopmyn (2.1), (2.2) mwm (2.3). Hda ce nadepragr na
efaHa rpaduka Ipow3BogHATA U HeifHuTe mpubamzkenus upu At = 0.5, At = 0.001
u At = 10715,




Pewenue. Ha rpadukure mo-noay ca usobpasenn npouspojnara Ha e* (r.e. e¥) B
CHHBO W IPUOIMKEHUSTA i, H3M0I3Baiiku ¢boTBeTHO dopmyan (2.1), (2.2) u (2.3) ¢
At = 0.5, B opaHKeRo:

n (f[t+At]-f[t])/At

At =0.5;

flz_1 = Explt];

DerF[7_] = D[f[t], t];

plotd1l = Plot[{DerF[t], (f[t + At] — f[t]) / At}, {t, 0, 10}];

n (f]t] - flt-At])/At
plotd2 = Plot[{DerF[t], (f[t] —f[t — At]) / At}, {t, 0, 10}];
n (f[x+At] - f[x-At])/(2At)

plotd3 = Plot[{DerF[t], (f[t + At] — f[t — At]) / (2 At)}, {t, 0, 10}];

GraphicsRow[{plotdl, plotd2, plotd3}]

10000 8000 10000
o o
4000 4000 4000
20000 2000 ) 2000

1=

T T

2 4 6 810 2 4 6 8 10 2 4 6 8 10
Ba At = 0.05 dopmyna (2.3) na maBa Haii-100pa anpokcumMaiust Ha e”. ChbIo Taka B
caydas dopmyaa (2.1) npubauzkasa orrope dbyHKIusTa, a popmyia (2.2) — 0Ta0.Ty.
3a npoussosiHa ¢yHKIusA, ako dhopmyrta (2.1) npubinxkaba yHKIEUATA OTTOpe B
JTajieH uaTepsal, To dhopmyna (2.2) me g npubaukaBa OTI0IY.

Cera ma BHIUM KaKBO Ce CIy4Ba 3a pazandnu croiinoctu Ha At. Or geduHUIT-
sTa Ha MPOU3BOIHA CJI€/IBA, Ye NMPH HaMaasgBaHe Ha At 6 TpsabBaao [a ce MOJIydn
10-7106po mpubnzkenue (B qebununusra 3a npoussogna At — 0). Pesyararure ot

exciiepuMenTute 3a At = 0.5, At = 0.001 u At = 107 ca nokazanu mMo-J10Jy:
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m At=0.5

plotStep5S = Plot[{DerF[t], (f[t +0.5] — f[t]) / 0.5}, {t, 0, 10}];
= At=0.001

plotStep001 = Plot[{DerF[t], (f[t +0.001] — f[t]) / 0.001}, {t, 0, 10}];
m At=10"(-15)

plotStepMin15 = Plot[{DerF[t], (f[t + 10~ (=15)] — f[t]) / 10~ (-15)}, {t, 0, 10}];
GraphicsRow[{plotStep5, plotStepool, plotStepMini5}]

12000

10000 8000 10000
iggg 6000 8000
6000
4000 4000 4000
2000 2000 2000 A ¢
T * * - ' t l . : : 5 * * * - -
2 4 6 g8 10 2 4 6 8 10 2 4 6 8 10

Hamangsamnero Ha rpermkaTa ce 3abensBa Ha mbpButTe ase rpacduku. Ho npu At =
10~ momyuenoro npubnuzxkenue e e n06po. IlpuunnaTa 3a TOBa €, Ue YUCJIATA B
KOMIIOTbpa ce IpeJcTaBdaT ¢ dhukcupan 0poii 3uadentu mudpu. ToBa o3HayaBa, de
rpelKaTa IbPBOHAYAJIHO Ie HaMajlgBa IPH HaMaJjisdBaHEe Ha CT'hIIKATa, HO KOTaTo
MaIlMHHATA TOYHOCT ObJIe JOCTUTHATA (M CJIEIOBATETHO HAMAJISIBAHETO HA CT'HIIKATA
He MOXKe TOoBede J1a To00psIBa TOTHOCTTA), PPEITKATa e 3al0YHe 1A PacTe 3apajin
yBeJindaBaHeTo Ha 6pod Ha onepamnuuTe. ToBa € U MpUYMHATA 33 HOsIBATA HA “TIlymMa”
Ha Tperarta rpadukxa. O

2.2 Ab6couaoTHa W OoTHOCUTeJIHA TrpemmKa. IloamaoMm
Ha Teilisrbp M OlleHKa HA IpeHikara.

KakTo orbesisizaxme, moBedeTo YNC/JIEHUTE METO/M BKJIIOUBAT HIKAKBA AllPOKCUMA-
nug. Ero 3amo pazdupaneTo Ha WesTa 3a IPeIika e OT MHOTO ToJIsIMa BayKHOCT 33,
edeKTUBHOTO UM u3no/3BaHe. Heka 1a BbBegeMm ciegHuTe nedrUHUAITNN:

Hedbununusa 1. Abcosomua 2pewska Hapuuame Pasisurama mMexcdy mouHaema u
npubsuscenama cmotinocm npu 0ao0ena anpoKkCUMaUUAL:

£, := exact value — approximation.

Hedbuaunuga 2. Omuocumenta epeusks 0ePhUHUPAGME NO CACOHUL HAWUH.!

exact value — approximation €a

Ep 1= — )
exact value exact value

3amaua 2. llpecmeTrnere abcoMIOTHHTE U OTHOCUTEIHUTE TPEIIKe 33 3aa49a, 1.

Pewerue. AGCOTIOTHHTE W OTHOCHTETHUTE TPEIIKH [IPU U3MOI3BAHETO HA (HDOPMYJIH
(2.1), (2.2), (2.3) ¢ At = 0.001 3a npubsmxkenue na GyHKIuATa €° ca H300pa3eHN
Ha rpadukuTe

11



m (f[t+At] - f[t])/At

At = 0.001;
absErrorD1 = Plot[DerF[t] — (f[t + At] — f[t]) / At, {t, 0, 10}];
relErrorD1 = Plot[(DerF[t] — (f[t + At] — f[t]) / At) / DerF|[t], {t, 0, 10}];

m (f]t] - flt-At])/At

absErrorD2 = Plot[DerF[t] — (f[t] — f[t — At]) / At, {t, 0, 10}];
relErrorD2 = Plot[(DerF[t] — (f[t] — f[t — At]) / At) / DerF|[t], {t, 0, 10}];

n (f{t+At] - f[t-At])/(2A¢)

absErrorD3 = Plot[DerF[t] — (f[t + At] — f[t — At]) / (2 At), {t, 0, 10}];
relErrorD3 = Plot[(DerF[t] — (f[t + At] — f[t — At]) / (2 At)) / DerF[t], {t, 0, 10}];

GraphicsRow[{absErrorD1l, absErrorD2, absErrorD3}]

L L 5
1 2 4 6 N8 10 4 p 0
- 3 —0.0005
-3 2 ~0.0010
1
-4 E — -0.0015
=5 2 4 6 8 10

GraphicsRow[{relErrorD1, relErrorD2, relErrorD3}]

i s
0.000500167 0.000499833
-y
000620014 0.000499833

2 4 6 8 10 246810

[Ipu enna u cbma croiinoct Ha At dbopmyna (2.3) nasa Haii-mMajgka abCcOTIOTHA U
OTHOCHUTEJIHA TPellKa, T.e. T HpuOIuKaBa Hail-100pe Mpon3BoaHaTa Ha (DYHKIINI.

YecTo, KaTO W3MEpBaTEI 3a IPEIIKATA B JAJIeH WHTEPBAJ, Ce M3I0/I3Ba MaKCHU-
MaJTHa abCOJTIOTHA T'PeIKa — KOJIKO Hali-MHOTO ce pa3jimdaBa (DyHKIUATA OT HEHHO-
TO Npub/IMzKeHne B JajeH uHTepBa. B KoOHKpeTHHS cirydail abcoioTHATA IPEITKa
e Hail-roJIsIMa B JecHHUsI Kpail Ha mHTepBaJja. [Ipuunnaara 3a ToBa e, 4e (DYHKIHATA
e” pacte MHOrO Obp30. OTHOCHTETHATA TPeNiKa (MIH TPOIEHTHATA IPelika) obade
e pUOJIN3UTETHO €JHAKBA 34 I/ HHTEPBAJL. ]

AbGcosroTHaTa U OTHOCHUTETHATA TPEIIKa IPEeICTABISBAT JT0OPH H3MEPUTEIN 33,
TOBa KOJIKO e 100po eaHo mpudbianxkenwe. B eqna peasnna 3amada obade 0OMKHOBe-
HO € HEeBD3MOXKHO Jia I'M IPECMeTHEeM, T'hil KATO TOYHOTO peIlleHHe He € U3BECTHO.
3aroBa e BayxkKHO J1a MOXKEM Ja OIEHUM I'PeIrKara, KOSTO J0IyCKaMe IPH JTa1eHa all-
pokcumMalys. decTo B 4HCAEHUTE METOAN 32 AndepeHITHATHN YPABHEHHS 38, OIEHKA

12



OT TO3U BU/JI Ce U3LO0J3BA peJi Ha Tellyrbp, Thil KaTo MHOIO (PyHKIMU MOrar Jia ce
[PEJICTABAT Ype3 PAa3BUTHETO CU B pell Ha Teilyibp

£ (5, .
sy =S T o g 2.4)

K'bJETO T( € TOYKaTa, OKOJIO KOATO pas3BuBame. Ta3u dopmy/ia HE € Bb3MOXKHO Ja
ce pen3upa Ha KOMIIOTHD, Thil KaTO B Hest ©Ma cyMa ¢ 6e30poit MHOTO chbOUpaeMu.
Tosa, KoeTo DEXMe MOTIJIH JIa HAIPABUM, € J1a NPHOJIUAKUM (DYHKIUATA C TOJHHOM
OT JOCTATHYHO T'OJIIMA CTEIICH.

Samaua 3. [Ipubimxere dynknuara x sinx cos x B maTepBada [0, 10], kato n3nos-
3BaTe MoJImHOM Ha Teitbp oT crenen 2, 3, 4 oko1o xg = 5. Hauepraiite pynxmnusara
1 npubIMKEeHNATa Ha eJHa I'paduka.

Pewenue. 3a mesta 6uxMe MOLIN 18 U3I0JI3BaMe CJIEIHUS KOJI:
f[x_] := Sin[x] »Cos [x] * x
Dfi[x_] =D[f[x], {x, 1}];
Df2[x_] =D[f[x], {xX, 1}];
Df3[x_] =D[f[x], {x, 1}];

p2[x_, x0_] :=F[x0] +F' [x0] (x-x0) +f'' [x0] (x-x0)"2 /21
pP3[x_, x0_] :=p2[x, x0] +f """ [x0] (x—xe)"3/3!
pa[x_, x0_] :=p3[x, x0] +f' """ [x0] (x-x0)" 4[4}

Plot [{p2[x, 5], p3[x, 5], p4[x, 5], f[x1}, {x, @, 10},
PlotLegends » {"p2(x)", "p3 ()", "p4d(x)", "fF(x)"},
PlotStyle -» Table [Thickness[0.01], {i, 4}]]

100

=50

Tora, K0eTO e BazKHO J1a OTOEIEKUM, Ue MPH YBeINYaHe HA CTEMEHTA Ha MOJTUHOMA,
TOH ce ,3ajenBa’ Bce MO-/100pe 3a (PYHKIUATA OKOJIO TOYKATA, B KOATO Pa3BUBaMe.

Jpyr uHTEpeceH BBIPOC € KAKBO ce CJAydBa, aKo Ty ce npoMmens. OTroBop Ha
TO3M BHUPOC jasar chaeapamure rpabuku. Ha tax e mszobpasena dynkuusara (B
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OpaH}KeBO) IIOJIMHOMa Ha TerI”bp OT BTOpa CTEIIEH, IIOCTPOCH C pa3BHTHUE OKOJIO
ToukuTe To = 2.5, Tg = 5 U 19 = 7.5 (B CUHBO):
GraphicsRow[{Plot[{p2[x, 2.5], f[x]}, {x, ©, 10}, PlotRange- {{@, 10}, {-20, 20}}],
Plot[{p2[x, 5], f[x]}, {x, @, 10}, PlotRange » {{0, 10}, {-20, 20}}],
Plot[{p2[x, 7.5], f[x]}, {X, @, 18}, PlotRange » {{0, 10}, {-20, 20}}]}]

20 20 20
10& / 10} \ / 10}
0 0 0 \
2 4 6 8 10 2 4 <3 10 2 4 10
-10 -10 -10
-20 -20 -20
Ot rpaduknuTe MOXKe Ja Ce 3aKJI0UH, Ye alPOKCUMAIMATA € Hali-100pa 3a TOYKH,
KOUTO ca 0Jn30 10 ToukaTa ro (Karo B Hes rpemkara e 0). CiemoBaTenHo, ako uc-

KaMme JIa TOJIyduM JIOOpH pe3y/ITaT B JIaJleH MHTEPBaJI, € J100pa ujes jila pa3BuBaMe
OKOJIO CpejlaTa Ha TO3W MHTEePBaJl. [

Cren To3m KpaTbk 0030p Bbpxy dhopmyaaTta Ha Teilsrbp, cMe TOTOBH J1a IIPeMu-
HEM K'bM TeMaTa 3a OIEeHKa Ha I'PEeIIKara.

3amaga 4. Hamepere onenka 3a abco/l0OTHATA I'PEIIKA HA allPOKCUMAIMUTE B 3a-
gaga 1.

Pewenue. TIbpBo, 1e u3BemeM TPU TEOPETHIHH OINEHKH Ha I'pPEIIKaTa. 3a Ie/Ta,
e HaMepuM pa3jInKaTa MEKAYy TOYHOTO U HpI/I6ﬂI/I}KeHeTO penienne u 1e pasBueM
B pex Ha Teitrbp 0Kos10 TOukara t. Ilo TO3nM HAaUMH moyYaBaMe CJI€IHHTE OIEHKU
3a dbopmyin (2.1), (2.2) u (2.3):

f{t+ AL = f(1) f(t) + ALf'(t) + O(AE?) — f(t)

erry = f'(t) — A7 = f'(t) — A7 = O(At)
s iy B0 T30 O 0SB0 0B
erry = f/(t) i f(t + At)A_tf(t — At) _ O(Atz)

AbBcomoTHaTa TPEIIKa, KOsATO oy daBame 3a dopmynn (2.1) u (2.2), e O(At). Tosa
o3HavYaBa, e ako HamMaauM At geceT MbTH, MPEIIKATa IMe HaMajee OT MOPSIbKa
Ha 10 nbru. 3a jga BepuduupamMe TO3M TEOPETUUYEH PE3YJITAT, HEKA Jla HAYEePTAEM
rpadukuTe Ha abcomoranTe rperku npu At = 0.001, At = 0.0001, At = 0.000001,
flx_]:=E*x
absErrorD1Step001 = Plot[DerF[t] — (f[t + 0.001] — f[t]) / 0.001, {t, 0, 10}];
absErrorD1Step0001 = Plot[DerF[t] — (f[t + 0.0001] — f[t]) / 0.0001, {t, 0, 10}];
absErrorD1Step000001 = Plot[DerF[t] — (f[t + 0.000001] - f[t]) / 0.000001, {t, 0, 10}];
GraphicsRow[{absErrorD1Step001, absErrorD1Step0001, absErrorD1Step000001}]

¢
L . . . b

A (s S B I R (!
) 02 ~0.002
-3 -03 ~0.003
4 04 ~0.004
_5 —05 -0.005
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Anajiorndno noJjydaBame, de abDCOMIOTHATA I'PEIIKA MPH AIMPOKCHMHUPAHE HA MPO-
uzBojiHara Ha dynxkuuara ¢ gopmynara (2.3) e O(At?). Tosa o3nauaBa, 4e ako
HamauM At JeceT bTH, TPeIKara me Hamassee or nopsabka Ha 100 meru. [lpn
At = 0.001, At = 0.0001, At = 0.00001 morygaBame ciemauTe rpaduKu 3a abco-
JIIOTHATA TPEIIKA:

absErrorD3Step001 = Plot[DerF[t] — (f[t + 0.001] — f[t — 0.001]) / 0.002, {t, 0, 10}];
absErrorD3Step0001 = Plot[DerF[t] — (f[t +0.0001] — f[t — 0.0001]) / 0.0002, {t, 0, 10}];
absErrorD3Step00001 = Plot[DerF[t] — (f[t +0.00001] — f[t —0.00001]) / 0.00002, {t, 0, 10}];
GraphicsRow[{absErrorD3Step001, absErrorD3Step0001, absErrorD3Step00001}]

; ‘ ‘ ‘ ‘ . e 2.x1077
2 4 6 N8 10 2 4 6 10 1.5x1077
—0.0005 -5.x1070
1.x1077
~0.0010 —0.000010 5.x1078
~0.0015 ~0.000015 {

Pazbupa ce, TyK e MICTOTO 1a OTOeJIeKHM, de aKo n3bepeM MHOro Maako At rper-
KHTE OT 3aKpbIJsdBaHe IIe 3aIl0YHAT Ja JOMHUHHPAT HaJl TOYHOCTTA HA allPOKCHMa-
TAATA. ]

2.3 3agaua Ha Komm 3a OJ1Y ot mbpsBu pea. Oo6ma
TEeOPus.

BanouBaMe M3ydaBaHETO HA UUCACHUTE METOAM 3a pelraBaHe HA audpepeHrnaTHu
ypaBHeHHs ¢ Te3n 3a permraane Ha OJIY or mbpBu pes, T.e. me pasraexgamve OV
OT BH/JIA .
U
= F(tu(),
YpaBHeHHs OT ITO-BUCOK PeJi MOYKEM JIa CBeJEeM JI0 TaKUBa OT II'bPBU PeJI Upe3
nosarane. Hanmpumep 3akonbst Ha HioTon

du _ F(t)

a2 m

MoxKe Ja ce cefe g0 cucrtema OJY or wbpBu peq upe3 mogaraneto du/dt = wv.
[TosrygaBame cucremara

dt
@_F(t)
dat  m

Ot znpyra cTpaHa, CHCTEMH yPaBHEHUs OT I'bPBH PeJl MOXKEM J1a, pasIyiezKIaMe KaTo
€JIHO0 BEKTOPHO ypaBHeHue. ['opHUS mpuMep MOXKeM Ja 3alullieM BbB BHIA

i o)=L

=t u(r),

HJIH OIIE
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kbiero u = (u,v)! € R? e sexrop u f(t,u) = (v, F(t)/m)T e Bexropna dbynxuus
f:R x R? = R2

KazanoTo H0TYK HE JaBa OCHOBaHWE Oa Pa3T/IerkJaMe MMEHHO YDPABHEHWS OT
obpBu pe. OOIUAT UM BUI €

du
dt
kpaero u € R"u f: R x R* — R"™
dcno e, ge ako exana dynkmus u(t) e pemenue wa gageno OJLY, To u Besgka
dbyuknust or Buga v(t) = u(t) + ¢ 3a HIKOS KOHCTAHTA C IIe € pelleHue, Thil KaTo
u'(t) = v'(t). Torasa, 3a 1a Gblie PEIIEHNETO OMPEIETICHO eTHO3HAUHO, € HEOOXOMMO
(Makap W He JOCTATHIHO) Jla 3HAEM MOHE eJHA TOYKA OT Hero.

1 taka, obimara 3amada, KOATO IIe pasrjexkjgame, € T.Hap. 3ajada Ha
Kommn:

= f(t, u(?)),

du
e f(t,u(t)), te (to, +o0)
u(tg) = up.

Pemrenne na 3amavara wHa Komm Hapmyame HempeKbCHATO mudepeHIIpyeMa
dyukiug u : R — R”, kogaT0 yJI0B/I€TBOPSABA YPABHEHUETO U HAYAJIHOTO YCJIOBUE.

[IbpBUAT BBIIPOC, HA KOHTO TPsAOBa Ja OTTOBOPHUM, IIPEJIH /13 3al0YHEM /13, Pelia-
BaMe JlajieHa 3a/1a4a, e, pa3dupa ce, UMa JIN T PeIleHne U, ako J1a, € ANHCTBEHO
Jgu e To. Moxke 7a ce OTTOBOPH MOJIOYKUTETHO Ha TO3W BBIPOC 3a 3a/adaTa Ha Ko-
U IPU ITPOU3BOJIHE HAYAJIHH JAHHU, aKO JICHATA CTPpaHa e “gocTaTbiHo xybasa”
dyukiug. M3uckBanusra, KOUTO ce Hajlarar K'bM JgCHATA CTpaHa, 3a Ja uMa 3a-
Jlagara Ha Kol eJuHCTBEHO pelleHne, OOMKHOBEHO Ca WM3IILJIHEHH 33 3aJa4uTe,
BbL3HUKBallll Ha ITPaKTHUKA.

Heka D e orsopeno muoxkectso B R"™ u f(t,u) e nedpunupana B D.

Teopema 1 (Peano). Heka ¢ynxuyusma f(t,u) e nenpexschama é obaacmma
D. Tozasa 3a scara mouka (to, ug) € D sadawama na Kowu (2.5) uma pewenue
u(t), koemo e dedunuparo none 3a waxaxss unmepsan t € (to — a, to + ).

Joxazamencmeo. [/IBere Hali-nony/IsipHE JOKA3aTEICTBA HA Ta3W TEOpPEMa MO-
rat ja ce HamepsT B [4, 5|. [IbpBOTO H3MOA3Ba OCHOBHHU TEOPEME OT 061aCTTa
Ha QYHKIUOHAJTHUS aHAJIU3, & BTOPOTO € JTUPEKTHO. O

Hedbunnunmsa 3. Kaszsame, ue pynkyuama f(x) e aunwuyosa 6 obaracmma S,
Ko CBULLCMEYBA NosoHcumesro wyucao K makosa, e

1 () = FWl < Kllz —yll, Va,y € Q.

Teopema 2 (Picard-Lindelof). Axo f(t,u) e nenpexschama ¢ D u aunwuyosa
no ommowenue wa u 6 D, m.e.

| f(t,u) — f(t,v)] < K|lu—0]|, V(t,u),(t,v) € D u naroe K >0,
mozasa 3a 6cako (to,ug) € D cowecmeysa eduncmeaeno pewenue u(t) marosa,

we u(ty) = ug
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oxazameacmeso. Bx. [4, 5. O

Sabeneocra. 1a obbpHEM BHHMAHHE, Y€ TEOPEMHUTE 38 CbIIECTBYBAHE W €JIHNH-
CTBEHOCT HA PEIEHNeTOo A JIOKAJHH, T.e. pelennero u(t) Moxe Ja He e gedu-
HUDPAHO 32 BCAKO [, 4 caMO B HIKAKbB HHTEpBAJ [tg, T)).

[ToBeve moapobHOCTH OTHOCHO 0OIaTa Teopus Ha OJIY (Hampumep IpobII-
JKAMOCT Ha PEIIeHUsITa, YCJIOBHA 3a IIAJIKOCT Ha PelIeHHATa, YCTORIHBOCT 110
HaYaJIHU JlaHHHW, Ka4Y€CTBCHA W aCHUMIITOTHUYCH aHaJIM3 Ha PCHICHUATA U T.H.)
Morar aa ce Hamepsar B [4, 5.

2.4 Wnpeqa na nudepeHIHNTE METOAU 3a 3aa9aTa Ha
Kommu 3a OJ1Y oT mrbpBu pe/

Kakro kazaxme, nait-o01io, 3ajgadara na Kormm 3a 0OMKHOBEHO JAudepeHITuaHo
ypasuenne uian cucrema or OJIY or wbpBu pej nma BUIA

du
— = f(t,u(t)), t & (o, +00), (2.5)
u(ty) = uy,

K'bJIEeTO B 001ns caydail HemsBecTHaTa GyHKIms u(t) e BekTopHa dyHKIms u : R —
R™. [Ile npuemame, de dpyukiugra f: R x R” — R” e gocTtaTbaHo I1ajKa, Taka de
CHINECTBYBA €JIMHCTBEHO pellleHne Ha 3ajadarta Ha Komm (2.5) u Morar na 6baar
HAIPaBEeHU U3MOJI3BAHUTE MO-HATATHK TeilrbpoBu pasButus Ha f.

Kommiorbpbr, pa3bupa ce, He MOKe 8 paBu Oe3kpaiinu npecmaranus. C apyru
JiyMu, TpgaOBa Jla 3HaeM JOKOTa Ja MHTeIPUupame.

e B Hskoun 3a1a4u 1€ NCKAME Ja HAMEPUM DENIEHHETO B PEBAPUTETHO N3BEC-
Ter unrepsas t € [to, ).

e B npyru 3a;1aum MozKe Jla ICKaMe Jla HHTeTpupaMe, J0KATO € U3IMbJIHEHO TPe/I-
BapUTEJHO 33JIaJIEHO YCJIOBHE, HAIIPUMED JIOKATO CTOHHOCTTA Ha 1 cTaHe (.

e B ngkou npobsemun uckame ja 3HaeM KaKBO € IIOBEJICHUETO HA PEIICHUATA [IPH
t — 0o. B To3m cayyaii TpsaOBa Jila nuHTErpupame J0ToraBa, Koraro CTaHe sCHO
KaKBO € TIOBEJIEHHeTO 3a JOCTATBHIHO ToJieMH BpeMeHa. 3acera Ie OCTaBUM
TO3M JIOCTa OOII OTTOBOP 3a TO3W CJyYail U 1le ce BbpHEM Ha HEro MO-K'bCHO.

Jla obbpHeM BHHMaHHeE, Y€ IIPOMEHJUBHTE © W U ca HelmpeKbcHaTu. Hamarta mes
e ObJie Ja T'M 3aMEHHM C JUCKPETHH, Taka de 3aJadarta Jia Obje cBeleHa JI0 aJl-
reOpUYHA U CJIEIOBATENHO Ja MOXKe Ja Obje pellleHa ¢ MOMOIITa Ha CTaHIAPTHH
qucjaern Meroan. OCHOBHHAT BBIIPOC € KaK TasW ,3aMsiHa’ Jla Ce HAIPaBH Taka,
4ge Jla MOJayduM A00po npub/inkeHne Ha PeIeHneTo Ha OpUIrMHAJJ HATa 3a/ada Ha,
Korn.

Bobeexkgame MpexkaTa

@ = {ti =to +ih, i =0,n, n= (T —ty)/h}.

[Ile ThpcuM TpubJIMKEHNTE CTONHOCTH HA PENeHneTO MMEHHO B TOYKHUTE OT Ta3u
Mpezka. CToifHOCTTa Ha TPUOJIUKEHOTO PellleHre B ToUKaTa t; 1e OeJIe2KUM ¢ ¥;, T.e.
HCKaMe



Yi

[ ]
s h ‘ ‘
1o 2] i tn

3a mocrposgBaHe Ha YHCJICHA CXeMa 3a HAMHPaHe Ha CTONHOCTUTE Ha MPUOIIKEHOTO
pellleHne MOYKeM JIa TIOJIXOJIUM, KATO allpOKCHMHpaMe OpHIMHAJTHATA JubepeHin-
astHa 33/a9a (2.5) WM Karo alpOKCUMEPaMe eKBUBAJICHTHOTO HA Hesl HHTEIDAJIHO
ypaBHeHue

u(t,) :u(to)+/tif(t,u(t))dt:u(ti_1)+[i £t ult))dt. (2.6)

3a Ta3m mes MOXKeM Ja M3I0JI3BaMe ChOTBETHO IMO3HATHTE (OPMYJIH 38 THCIEHO
nucpepeHIupane U YUCACHO UHTerpupane. Jla NpunoMHAM HIKOH OT THX.

1. @opmynu 3a YucIeHO audepeHIupane

o QPopmysia ¢ pazInKa HAIPE/I

() = w +O(h).
e Dopwmysa ¢ pa3auKa Ha3al
u/(xl) — % + O(h).

e Qopwmysa ¢ MeHTpaJIHA Pa3JIHKa

Ui+1 — Ui—1

2
o o).

/
u'(x;) =
e DopMyJa ¢ IMeHTpaTHa PA3/InKa 33 YHUCJICHO IPecMATaHe Ha MPOU3BOIHE

OT BTOPH De/I
Uiy — 2U; + Uiy

h?

+ O(h?).

1
u'(z;) =
2. @opMynH 3a YUCJIEHO WHTEeTpUpaHe

[} CDopMyﬂa Ha JIeBUT€ IIPaBObI'bJIHHUIIA

/f — f(@)(b—a) + O(2).

[} CDOpMyJIa Ha JeCHHUuTe IIPaBObI'bJIHUIII

/f — FB)(b— a) + O(h?).
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o QopmyJsia HA TpAlEIUTE

[ fwns =22 @) + 50 + 00

o ®opmysa Ha CUMIICHH

/abf(x)dx _ bga (f(a) b 4f (“;b) +f(b)) + o).

2.5 Metoan uHa Oiixep

2.5.1 4Ben u HegBeH meToxa Ha Oiijgep

Asaugar meron Ha Oiijiep e HAH-TIPOCTUAT METOI 3a YucaeHO perraane Ha OJ1Y.
Nsnomssaiiku (pbopmysiara 3a auciaeHo audepeHimpane ¢ pa3ankKa HanpeI B TOYKaTa,
l;

u(t; — u(t;
U/(t,L) ~ ( ”L+1> ( Z)’
h
mudepennuantnata 3a1ada (2.5) ce ampoKCHMUpPa BbPXY Mpezkara Wy ¢ ajarebpud-
HaTa 3a/1a4a

W:f(thylx izoan_lu

Yo = Uop-
ToraBa 3a IIpeCMATaHuATa Ha HpI/I6JH/DKeHOTO penienne MOxKeM Ja HU3IOoJI3BaMe CXe-
MaTa

Yo = U0, Yit+1 :yi+hf<ti7yi)7 t=0,n—1 (2-7)

3anaua 5. Karo uznonzsare fApaug meron na Oitep, pemere JOTHCTUIHOTO YPaB-
HEHUe

d
d—?::mu(l—u), 0<t<l,
u(0) = 0.01

npu n = 4, 50,250 u cpaBHETe ¢ TOYHOTO pelIeHne

B 0.01
~0.01 + 0.99¢—10¢t

u(t)

Pewenue. 3a koHKpeTHaTa 3aja4a, (2.7) no6uBa BHIA

Yo = 0.01, yi1 = yi + 10hy;(1 —y;), i=0,n—1.

Nmvnnementupame yuciaenara cxema B Mathematica.

n2)= explicitEul erLogistic[n_]:= (
h=1/n;
y = Tabl e[0, {n+1}];
y[[1]]1 =0.01;

For[i =1, i <n+1, i ++,

YOI +111 =y[[i11+10hy[[i 1] (1-y[[i1])
1
y
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Karo usnosizBame peajnsupanara QyHKIMS, 1€ N300pa3uM PEIIeHUsITA 33 Pas3-

JIMYHU CTOMHOCTHU HA 7.
nE:= Mani pul at e[

y = explicitEul erLogistic[n];
pl ot Appr = ListPlot [Table[{i h, y[[i +111}, {i, O, n}11;
0.01

0.01+ (1-0.01) EA (-10t)
G aphi csRow[{Show[pI ot Appr, pl ot Exact, Pl ot Range -» Al |l ],

pl ot Exact = Pl ot[ {t, 0, 1}, Pl otSter—»Red];

Li stPlot [Table[{i h, Abs[y[li +11 T (1-00(.);))1E’\(—10i - 1}

{i, 0, n}], Pl otRange—»All]}]
. {n, 4, 800, 10}]

Pemenusra 3a n = 4, 50, 250 ca moka3zaHu 1o-J10.1y, KATO YepBeHaTa KPUBa H300-
pa3gBa TOYHOTO pEIIeHHE.

08l 08F - 08l

06| 06 L 061
/ .

0al . 04 L 04

02 02r o oz}

02 04 06 08 10 02 04 06 08 10 02 04 06 08 10

['pemikure 1m0 abcoIOTHA CTOMHOCT B TOYKUTE OT MpexKaTa W, Ca U300pa3eHH
10-/10JTY

0010- i

0005 7 \

02 04 06 08 10 02 04 06 08 10 02 04 06 08 10

Buxxame, e ¢ yBemdaBaHe Ha Opos Ha Bb3JIATe MPUOIUZKEHOTO pPellleHne 3aI109Ba
Jla ce TpUOJIMKaBa K'bM TOTHOTO. ToBa MIIIOCTPUPaA IbPBOTO BayKHO CBOMCTBO, KOETO
ncKaMe Ja MPUTeKaBa MaJeH YHCJIeH MeToHd — Ja Obje CXOAMAIl, KbM TOYHOTO
peuieHme, T.e. Ipu N — o0 rpemkara jga kjaonun kbMm (. Ille ce BbpHEM OTHOBO HA
TO3U BBIPOC H TOraBa Ie 1o popMyaupame mo-TOIHO. O

HesaBuusat meron ma Oiinep ce ocHoBaBa Ha dopMmy/iaTa 3a YHCICHO JHde-
peHIpane ¢ pa3iauka Hazal. AnpokcumarusTa Ha (2.5) UMa BHIA

% = f(ti,vi), i=T1n,
Yo = Uo-
Torasa 3a mpecMsTaHUATa Ha MPUOJIHKEHOTO PEIIEHNe MOYKEM Ja W3MOI3BaMe CXe-
MaTa,
Yo = Yo, Yit1 =Yi +hf(tiv1,yir1), i=0,n—1 (2.8)
3a Ja moayIuM CTOMHOCTTa HA MPUOINKEHOTO pelleHue B 1,1, TPAOBA 3 PEerruM

eTHO (B OOIIUs CIyYail HeJIMHEHO) YpaBHEeHHe OTHOCHO Y41, T'hil KATO ;11 yIacTBa
n B JdCHaTa CTpaHaA.
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3amadga 6. /la ce peirn 3a1auara Ha Kormm or 3aj1a4a 5, KaTo ce M3110/13Ba HESIBHUAT
meron Ha Oiinep.

Pewenue. BanouBaiiku ¢ HagaaHOTO yeaoBue 1o = 0.01, HA BessKa caeaBala CTbIIKa,
TpsA0Ba Jja PeIuM ypPaBHEHUETO

Yir1 = Yi + 10hy;s1(1 — yipq), 1=0,n—1,

B KOETO HEHU3BECTHOTO € Y;41. 3acera Ine m3nos3same Brpazenara B Mathematica
dyukiug FindRoot, 3a 1a permumM ¢chboTBeTHUTE ypaBHEHUS.

[loBeyeTo MeTOMM 3a pelraBaHe HA HeJTWHEITHN ypaBHEHUS Ca UTEPAIMOHHU U Ce
HYXKJadT OT A00pO HavaTHO TMpubJrmKeHne. EIUH Bb3MOXKEH HAYWH /14 TTOJTYIHM
TaKOBa €, KaTO M3MoJI3BaMe saBHUS MeToa Ha Qiirep:

Yit1,mit = Yi + 10hy; (1 — ;).

MmmiemenTupaMe duciaeHara cxema B Mathematica.

inplicitEul erLogistic[n_]:=(
h=1/n;
y = Tabl e[0, {n+1}];
y[[1]] =0.01;

For[i =1, i <n+1, i ++,
initialGuess =y [[i1]1+10hy[[i1] (1-YyI[[il]);
yIl +11] =
yNew /. Fi ndRoot [yNew==y[[i 1] +10hyNew (1 -yNew), {yNew, initial Guess}]
IN
y
)
Pemenunsara 3a n = 10,50,250 ca nokasaHu 10-70/1y, KaTO YepBeHaTa KPHUBa
n300pa3gBa TOYHOTO pEIeHue.

10 . e 10f JUDUUSORS
o e

08| // 08 / 08|

0l / 0l / 0l
oz / oz / o2

02 04 06 08 10 02 04 06 08 10 02 04 06

2.5.2 JlokajsiHa m rJi00aJiHA Tpemika Ha allpOKCHUMAaIns, CXO-
JANMOCT, A-yCcTOYINBOCT, MOHOTOHHOCT

fcHo e, de 3a 1a MOXKeM Jla W3TOI3BaMe Ha MTPaKTHKA pas3ryiexkKIaHuTe TUCJIeHT Me-
TOIH, TPAOBA Ja 3HaeM HeEIlo 3a I'PellKaTa, KOATO HoJdydaBaMe TP TPUOINKEeHOTO
pelraBaHe Ha CbOTBETHOTO JAUDEPEHINAIHO YPaBHEHHE.

[Tpu gucieHoTo periaBaHe Ha OpUTMHAJHATaA JAn(pEpPeHITHAIHA 3a/1a9a UMa JIBa,
M3TOYHUKA Ha T'PeliKa:

® T'perrka OT alpOKCUMAIMs - mopaju dakTa, 4e BMECTO OpUrHHAJIHATA Jirde-
pPeHIaIHa 33/1a4a, perapaMe npubInkeHa ajreOpudHa 3a,/1a4a;

21



® ['PClIKa OT 3aKPblVIdBaHE - IIOPpaJAu IIPEACTaBAHETO Ha YHCJ/IaTa B KOMIIIOT'bPA.

[le pasriegame edpeKTHTe OT TE€3H JIBe I'PEIIKH MOOTAeHO. [I'bpBO, HEKA mpueMemM,
Je HIMa IPEIIKH OT 3aKpbriasgBane. Mlckame 1a OIEHUM T'perikara u; — ;.
3a Tasm 1eJ1 IbPBO e BbBeaeM caeaHara 1eDUHUIA.

Hedbunnunsa 4. Jlokarna 2pewra na anpoxcumayus (JIFA) za dupepenunus me-
mod
Yit1 — Yi
o 0i(ti, Yis Yiv1) (2.9)
HAPUYAME PASAUKAMG MENHCIY AABAMG U OACHAMA CMPAHA, NPECMEMHAMU 30 MOY-
HOMO pewerue, m.e.

Uijg1 — Uy

(S A

— 0;(ti, wi, wig).

C npyru aymu, JICA Hu naBa urdOpMAaIyd 3a TOBA KaKBa I'PEIKa BHACAME JIO-
KaJIHO, 34 €JIHA CThIKA OT MeToa. [Ipuemanme, ue J10 i-TaTa TOUYKA CMe HaMepPUIK
peHleHI/IeTO TOLIHO7 I UCKaM€ Ja BHIANM KaKBa FpeHlKa e Hoﬂqu/IM CcaMO B i—TaTa
CT'BIIKA.

amaua 7. /la ce namepu JII'A Ha anpokcuMalimst Ha ABHAS W HESIBHHS METOJ, HA
Oittep.

Pewenue. 3Ba spuus meroq na Oitep nmame

Uj41 — Uy

Ui =—

- f(ti7 ul)

Tbit KATO BCUYKO B FOPHHS M3pa3 € MPEeCMETHATO B {-TaTa TOYKA, OCBEH WU;y1, IIe
u3pasuM Ui, Karo passueM dyHkuuara u(t) B pea zna Teilarbp 0kos0 TOUKATA ;.
[TonyuaBame

Torasa, Karo u3noassame, de u; = f(t;,u;), moJaydaBame mocjieI0BaTETHO

Uni = 3 (s Y4+ O(R?) = 1) — St = O(h)

Anamormuno, 3a HegBHug MeTo Ha Oflaep moaydaBame

Vhit1 = % — f(tiy1, Uiv1)

=+ (e — (eer— et + O())) — Lltiersa) = O(h).

Tyk usnonssaxme pasBuTuero u; = u(ti1 — h) = w1 — uj, b+ O(h?). O

Jloka/iHaTa rperika Ha alpoKCUMAIUs € KJII0UOBa 3a OlpeJie/idHe Ha riobasHara
rpemka u; — ¥; (KOATO BCBITHOCT HU MHTEPECYBa), MPeIBHUJI CIeJHATA TeOpPeMa.

Teopema 3. Axo memodsm (2.9) uma JITA om ped p (m.e. O(hP)), mo mot e

CTO0AUY KBM MOYHOMO pewenue cae cowama ckopocm, m.e. ||u — y|| = O(hP) npu
h—0
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Jloxasamencmeo. Bx.|3| O

1 raka, aBHUAT 1 HessBHUAT Meton Ha Oiijep mMaT mbpPBU PeJ HA CXO-
JAMOCT.
JeiicTBUTETHO, HEKa pasryegaMe 3aBUCHMOCTTa Ha MaKCUMaJTHATa TPENTKa

|u — yl|| == max |u; — y;

1=0,n

0T OpOsI HHTEPBAJIH N, HAIpUMeD 3a aBHUA MeTo Ha Oiinep, 3a JOTHCTHIHOTO YPaB-
HEHUE, BbPXY KOETO W3JIOKUXME METOJIUTE.

llu=yll

1k

0.001 |-

Buxkname, e cKOpocTTa, ¢ KOSITO HAMAJIABA I'PEIIKATa, € OT I'bPBH Pel — YBeJIu-
vaBaiiku 10 bt Opost HA HHTEPBAJINTE, N, TPEIIKaTa HaMaJIABa ChIIO OT HOPIIbKa
Ha 10 mbTH.

TeOpeTI/ILIHO, CXOOUMOCTTa Ha €JUH METOJ O3Ha4daBa, Y€ MOZKeM Jda IIOJIYy4YUuM
MIPOM3BOJIHA TOYHOCT, CTUTa Ja m3bepeM J0cTaThaHo rojasiMo n. Pazdupa ce, Ha
IPAKTHKA TOYHOCTTA € OTPAHUYEHA OT MAaKCHMAJIHATA TOYHOCT, C KOATO PAbOTUM B
KOMIIIOTbPHA apUTMETHUKA.

Heka pasriemame ore jaBa npumepa 3a oupeiensina ua JITA.

Sana4ga 8. la ce npecmerre JI['A 3a ciennnre nudepeHIHN ypaBHEHU:
o B U — ﬁ(yz —Yi—1) + %fm

® Yit1 = Yi+ %(3fi — fi-1)

Pewenue. e B mbpBus cayuait JILA e
1 1 2
(U E(uiJrl —u;) — S_h(ui —ui-1) + gfi-
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PassuBame 0K0JIO -TaTa TOYKA U HOJydaBaMe IIOCJIe10BATETHO

1 u; uy 3
@Dh:E ?’+Fh+§h —|—O(h )I—Ui
'U::l
1 u; ug 3 2
~ 35 Ui_(ui_ﬂh‘FEh +O(h)) —I—gfz
2h
— ?u;' +O(h*) = O(h).

e 3a ga mpecmerneMm JII'A BBLB Bropus HpuMep, MbPBO TpsOBa Ja HPUBEIEM
ypaBHEHHETO BbB Bujaa (2.9):

Yirr =Y _ 1. o
= (3fi = fima).

Torasa JIT'A e

1 1
y = 5(“%1 —u;) — 5(3% —u;_y)

1 u; ui o g 4
=— ui+ﬂh+§h +§h + O(h") —u;

~
Ui41

1 1 / ;, u;” 2 3
~ 3 3u;, — (ui——!h+§h +O(h ))

(. J

]

N raka, JI'A #HE m03BOJIgBa A OHPEAEJNM Peja HA CXOAUMOCT 3a JaJeH METOJ
(or Buma (2.9)). Or apyra crpaHa, ToOBa, 4e 3a JOCTATHIHO T'OJIIMO 1 I'PeIll-
KaTa KJoHu KbM 0, Jajied He O3HadyaBa, Ye 3a MO-MaJIKM CTOWHOCTU Ha N
OBEAEHNETO HAa MeToa Ime e mobpo. la pasriegame ciaeaHus IpUMep.

3amadga 9. /a ce pemu 3agadara Ha Ko

du
% = 10u(1 — u), te (076]7 (210)
u(0) = 0.01

¢ sIBHUd U HesgBHus Meron Ha Oitrep 3a n = 10, 20, 35, 75, 500.

Pewenue. Tlpusexjame pesyrraTure OT PEHIEHUETO HA 33/a4aTa 10-J10J1Y.
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Heasen Oiisep

fBen Oitiep

20 320111

sl
sl

00wl

—10 %1112

L[

500 | ¥————————————— | ¥

]

M Taka, oueBuaHO siBHHST MeToi Ha Qitlep HsaMa T00PO HMOBEAEHHE 33 MAJIKH
croitnocTnn Ha n. TakbB pobIeM He ce HabIOIaBa MPU HessBHUA MeTon Ha Oiirep.
ToBa e ¢Bbp3aHO ¢ MOHATHATA abCOMIOTHA YCTOHIHUBOCT (A-yCTORIMBOCT) M MOHO-
TOHHOCT Ha METOJIHTE.

3a Ja BbBeJEeM Te3U IOHATHS, I'bPBO TPAOBA 1a U3SICHUM HSIKOW CBOHCTBA Ha
pemmennsTa Ha egao OJIY. Ille uznokum naente BbPXY JOTHCTHYHOTO yPaBHEHNE

d
= = 10u(1 — ).
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PaBHoBecHuTe TOUYKHM Ha €/{HO aBTOHOMHO Ju(EPEHIIUAIHO YPaBHEHHE

du

Ezf(u)

ca TouknTe u = £, 3a Kouro f(&) = 0.

PaBHOBECHHUTE TOUKHU ONPENEIAT € IHOZHATHO ACKMITOTHIHOTO IOBE/IeHIe Ha Pe-
meHnsATa (T.e. KAKBO Ce CJAyYBa C PelIeHUsITa B KpaiiHa CMeTKa, CJIejl JTOCTATHIHO
JUbJIBI IEPUOJL OT BpeMe).

3a JOTHCTHYHOTO ypaBHEHHE OYEBHIHO paBHOBeCHHTE TOYKH ca u = 0 u u = 1.
Heka pasriename rpadukara Ha du/dt, T.e. napabonara 10u(l — u):

du/dt

Tbit kKaTo mpou3BoAHATA HA u e TmonoxkuTenna 3a u € (0,1), To ako u e B TO3U
unTepbas GyHKIUATA € pacTsila. B IpoTHBeH ciydail Td e HaMaJlsaBalla.

Ot ropuara ¢dpurypa JeCHO e BUZKIa, 9€¢ BCUIKH PEIICHUs KJIOHAT K'bM PaBHO-
BecHaTa TOYKa u = 1.

Kaszsame, ue eHa paBHOBECHA TOYKA & € aCHMIITOTHYHO yCTOHYNBA, KO 32 BCUY-
KM JI0CTATLIHO OJU3KH 10 Hesl HAYAJIHU YCJIOBHS Ug CAEIBA, Y€ PEIIeHUeTO U KJIOHU
KbM £. B mporusen ciygaii paBHOBecHATa TOYKA ¢e HApUYA HEYCTONYMBA.

3a JIOrnCTHYHOTO ypaBHeHne Toukara 1« = () ¢ HeyCToHunBa, 3aI0TO BCAKO H3Me-
Henme Ha u > 0 BoAM 10 pemreHue, KAoHAMO KbM 1« = 1. OT apyra c¢rpana ToukaTa
u = 1 e aCHMITOTHYHO yCTOWYMBA, Thbil KATO IPH M3MEHEHHE HA U PElIeHHeTo “ce
BpbINa’ KbM €IMHUIATA.

JlecHo ce cbobGpassBa, 4e 3a eIHO ABTOHOMHO ypABHEHHE PENICHUATa BHHAIW
KJIOHAT K'bM aCHMIITOTHYHO yCTOIYMBA PABHOBECHA TOUKA. Jla pasriesame cegaHaTa,
JIarpaMa:
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Ot ¢durypara e CHO, Y€ peleHnsITa KJIOHAT WIK KbM u = 1, WiId KbM u = 3.

Ot rJ1e/iHa TOYKA HA YUCJICHUTE METO/IH, TOBA MTOBEJICHHE € OT CLINECTBEHO 3HaYe-
nue. Bb3cTtanopsgBaneTo Ha HEYCTOWYMBU PEIICHUs € IOMOIITA HA YHUCJICHH METOJIH
e Jiomo obyc/IoBeHa 3a/ada, Thil KaTO BCIKa T'PEIIKa OT 3aKPbIsdBaHe O3HAYaBa,
4e peIeHreTo, KOeTo Ie ¢e IMOJydH, Ie e PasaundHo (1e KJIOHH K'bM yCTOHYHBa
PABHOBECHA TOYKA).

Ot apyra cTpaHa, IPENIKATE OT 3aKPbIyIABaHe He OU TPAOBAJIO /1a HMAT NOJISTMO
BJIMSHUE BbLPXY PEHIeHUATA, KJIOHSAIM KbM YCTONYUBUTE PABHOBECHU TOYKH, Tbhii
KaTo |[u—¢| — 0 mpu t — co. C ApyrH AyMU, TPENIKATE OT 3aKPbIVISIBAHE, TOTYCHATH
B /IaJIeH MOMEHT OT Bpeme, KOUTO ca Hen30exkKHu, Ou TpsiOBaJIO C BpEMeTo J1a cTaBar
HE3HAYUTECTHU.

Eto 3amo nckame 9uC/IeHHTE METOAN Ja 3aMa3BaT aCUMITOTHYHATA YCTONYIH-
BOCT Ha pemnrenudaTa. ToBa €BOHCTBO Ha YHC/JIEHUTE METOJIU Ce Hapuya abCOTIOTHA
YCTORYIHUBOCT WU A-yCTOWYHBOCT.

3a jga BUJIUM KAk Ie u3c/aejBamMe yTOWYMBOCTTA HA YUCJICHHS METOJ, II'bPBO
TpsiOBa /13 KOMEHTHPaMe KaK aHAJUTUIHO W3C/IeBaMe YCTONINBOCTTA HA €/IHA PaB-
HOBECHA TOYKA.

Heka pa3zriejgame ypaBHEHHETO

du
E = f(u>7

3a KoeTo & e paBHOBecHa Touka, T.e. f(§) = 0.
PasBuBaiiku jgcHaTa crpana okoJo u = & B pej Ha Teilrbp, mosydaBame

)+ (O - )+ O(2) = FE)u—e)

Nsnomnssaiikn, ve f(§) = 0 u 4e wieHoBeTe OT BTOPH U MO-BHCOK DeJ| MOTaT Jia ce
IpeHeOPErHaT 3a JOCTATHIHO MAJTKU CTORHOCTH Ha u — &, ToJlyuaBaMe, ue MoBeje-
HEETO Ha PelleHueTo B JOCTATBYHO MAJIKa OKOJHOCT Ha TOYKaTa & ce oupejess oT
YPABHEHHETO

du ,
= FOw-).

U =Uu— €7 3alluCBaMe YpaBHEHHNETO BbB BHIA

du _
dt

OsnauaBaiiku A := f/(§) n

AT, (2.11)
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KbaeTo A < 0, Thil KaT0 paBHOBECHATA TOYKA & € yCTOH4InBa.

Hedbununus 5. Kassame, we daden wucaern memod e abcomomuo yemotivue (A-
yemotivug), ako, npusoscen espry dadauama (2.11), pewenuemo my ydossemeo-
pAGa

lvil < |yol-

3abesencka. C npyru IyMu, aKO B JIaJIeH MOMEHT OT BpeMe e JIOIyCHATA IPEeIKa
(HampuMep OT 3aKpPbIVIsIBAHE) Yo, HCKaMe Ts Ja He pacTe ¢ BPEMETO W BbB BCEKW
cJIeJIBAI, MOMEHT ¥; J1a OCTaBa HE MO-TOJsIMa Mo abCOTIOTHA CTORHOCT OT yo. Hue
IIe TOMCKaMe MAaJIKO I0-CHJTHOTO yeaoBue |y;| — 0.

ToraBa, ako MOXKEM Ja IPEJACTABUM MeTOja BbB BHAA Y1 = Ry;, JecHO ce
BUZK/IA, Y€ YCJIOBHETO € M3IbJHEeHO, ako |R| < 1.

[eificTBuTe/iHO, NMaMe

Yit1 = Ry, = RQyH == RHl?/O,

KOeTO KJIOHU KbM () TOUHO Torasa, Koraro |R| < 1.

3abenescra. B 3aBUCHMOCT OT pelraBaHaTa 3a1a9a MOYKEM 18 MOUCKAMe METOIbT,
KOWTO M3MOI3BaMe, JIa 3aMa3Ba PAs3JNIHN BayKHU CBOWCTBA Ha ThPCEHOTO PeIeHMe.
A-ycToiiunBOCTTa € CBbp3aHa ChC 3ala3BaHe Ha aCHMIOTOTHIHATA YCTONIUBOCT.

Heka cera usciienBame A-ycroitamBoctTa Ha MeToauTe Ha Oiiyep. 3a siBHUS Me-
oz Ha Oitep umame

Yirr = Yi + hf(tivi) = vi + hAy; = (14 h )y

CnenoBaresnno, 3a 1a Obae apaugar Meron Ha Oitrep A-ycroitump, TpsOBa ma e
HU3I'BIHEHO
1+ hA <1= h<-=2/)\

3a nesiaust mero na Oitjiep numame

1

Yier = Yi + hf (tig1, Yis1) = Yi + hAYis1 = Yip1 = myz

Bzemaiiku mpeasum, ge A < 0 e sicHO, 4e |ﬁ| < 1 3a Bcgko h, T.e. SIBHUAT MeTO/I
na Oitep e A-ycToituuB 3a BCSIKO h.

Ja nmiarocrpupamve Kazanoro Bbpxy 3amadara (2.10). ExuHcrBenara ycroiiunba
paBHOBecHa Touka ¢ u = 1 m A = f'(1) = —10. CnemoBarentno meroabr e A-
VCTOWYIHMB TOYHO ToraBa, korato h < 2/10, kKaTo 04akBaMe rpeikara Ja KJIOHH K'bM
0, ako h < 2/10. [eficTBuTento, HeKa pasriefame pelenusTa npu crbioka h = 0.2,
h = 0.19:
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B ubpBust ciydail rpenikara ociinpa 0K0JI0 paBHOBECHATa ToYKa 6€3 j1a pacre,
HO 1 0e3 Jia HaMaJsisBa. BbB BrOpHd ciiyuail rpemkara KJjioHu KbMm (.

Pesynararst ipn h = 0.19 obadye Hu moxas3sa, de A-ycToOIMBOCTTA HA METOMIA
HE € JIOCTaThiHa, 33 Jia UMa pPelIeHueTo jo0po mopejenune. Bbipekn de rperrkara
KJOHH KbM (), ce TIOgBABA He¥KeJJaHO OCIUINpaHe OKOJIO pertenneTo. CiieoBaATETHO
e JIo0pe Jla 1oucKamMe MeTObT J[a HIMa TAKOBA HIOBEJ/IEHHE.

Hedbunnnusa 6. Kaseame, we daden vucien memod € MOHOTMOHEH, KO, NPUNONHCEH
espry 3adavama (2.11), pewernuemo my ne cMeHs HAKA CU, M.e.

sgn(yi) = sgn(yo)-

3abeneocra. C Ipyru AyMH, HCKaMe TPEIIKaTa Jia He OCIUINPa OKOJIO HY/IaTa.
AKoO 3anuinemM MeToja BbB BHJIA

Yir1 = Ry,

€ 4ACHO, Y€ II0CJIeJHOTO € U3II'bJIHEHO TOYHO TOr'aBa, KOI'aTO R > 0.

3a auus meroq wa Oitiep umame
Yir1 = (1 +h\)y;i

U CJIEJIOBATEJIHO METO'bT € MOHOTOHEH TOYHO ToraBa, Koraro h < —1/\.
JlecHo ce BuzKa, e negBuuAT MetToj Ha Oiiep e MOHOTOHEH 3a BCAKO h, B3e-
MalKu HpeaBUI, 4e

1
Yi+1 = myz

2.6 Meroanm na Pyure-KyTta

OcHoBen HemocTaTbK Ha MeTonuTe Ha Oitaep e, 4e Te ca OABHO CXOISIIN — JIa MMPU-
IIOMHHUM, 9€ T€ UMaT I'bPBU peJ Ha CXOAMMOCT, ThH KaTO JOKAJHATa T'DENIKa Ha
anpokcumaitust e O(h). ToBa o3HauaBa, e ako HCKaMe Ja MOy UM BHCOKA TOTHOCT,
TpsabBa j1a paboTHM C MHOI'O MAJIKa CTbIIKA, T.e. JIa IpPaBUM IOJISIM Opoil omepalui,
KoeTo, paszbupa ce, e Henelechobpasno. Cera e pasriengaMe IMbPBUsS OT JIBaTa OC-
HOBHHU KJIACA METOIM, KOUTO C€ M3MOJI3BAT, KOTATO € HeoOXOIMM IO-BHCOK pel Ha,
CXOJIMMOCT.

2.6.1 4BHu meroau Ha Pyure-Kyta

dBauTe MeTomu Ha PyHre-Kyra ca Haii-4ecTo M3MOM3BAHUAT KJIaC METOTH 3a pe-
masane na OJ1Y. 3a ja MoTuBEpame TSXHOTO U3IO/I3BaHE, HEKA I'bPBO pasriieaMe
OT reoMeTpudHa ryegHa Touka meroaute Ha Oiinep. [lpu asuus meron va Oitrep
nMame

Yie1 =i + hf(ti, vi),

T.e. TPABAM eJHa CTBHIIKA 10 HallpaBJeHUe Ha JIoNupaTesHaTa B ToUKaTa t;, 3a Jia
MOJIYYUM TPUOTMKEHNETO B TOUKATA ;41!
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Kaxkto 3maem, JII'A npu ToBa e ot mbpsu pex, 1.e.0(h).
[Tpu nesBuus merox na Ofsiep n310/3BaMe HAPABJICHUETO, 3a/18/I€HO OT JIOIH-

parenHaTa B TOUKATA T;41:

JITA u B To3m cayuaii e O(h).
Or npyra crpana, cnopen Teopemara 3a KpafiHuTe HApACTBAHUS, CHITECTBYBA &,

TaKa 4e

u(ti +h) —u(t;) = u'(§) (i — t;) = u'(§)h.
C apyru gaymu, ako M3HO/I3BaMe HANPAB/IEHUETO, 33JaJeHO OT JONHUPATETHATA B
Ta3u Touka, JI['A 6u 6una 0:
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I
|
|

{; & ti+1

Hue, pasbupa ce, HsiMa Kax ja HaMepuM TodkaTa & HO HEHHOTO C'bIECTBYBaHEe HU
JlaBa OCHOBAHMUE Jia B3eMeM IIDOM3BOIHUTE B DA3JIUYHH TOYKN B HHTepBaJA [t;, t;11] 1
Jda ' YCPpEeAHUM C HAKAaKBU TETJIa, TaKa 1€ Ja IMOJIYIYUM CTOI7IHOCT, 6JH/I3Ka (B HAKAKbHB
CMHUCBHJ) J10 crofiHocTTa B . Heka 03HAYMM CTOWHOCTUTE HA MPOU3BOJHUTE B TE3U
Touku (ymHOKeHH 1O h) ¢ ki, ko, ... ks, OBUMAT BUJ Ha S-eTAIIHATE METOIU HA
Pynre-Kyra e

Yier — Y 1
% = E(plkl + poko + - - - + psks),
K'BJICTO P1, P2, - - ., Ps CA TEIJIATA, ¢ KOUTO B3eMaMe BCAKa oT npomspoauute. [le ru

omnpenennM Taka, de JII'A 1a e Bb3MOXKHO Hail-MaJIKa.
k1 e npousBogHATa B TOUKaTa t;. 3a HEsl ©MaMe

ki = hf(ti, yi)-
ko e mpousBOIHATA B HAKOsI Ipyra TOUKa t; + ash. 3a ja g mpecmerHeM obade (T.e.
Jia TIPeCMeTHeM JIsICHATA cTpaHa B JudepeHInaIHOTO YPABHEHHE), HH € HeOOX0[Ma
CTORHOCTTA Ha PEIIEHHEeTO B Ta3W TOYKA, KoeTo HH € HemsBecTHO. [1le ro ampokcu-
MHpaMe Ha 0a3a Ha M3BeCTHaTa MWH(OPMAIMS, KATO 33 HErOBATA CTOHHOCT B3e€MEM
Yi + 6271]61. Torasa
ky = hf(t; + aoh,y; + Ba,1k1).

[Tapamerpute v, 321 OTHOBO HOAJIEXKAT Ha ompejensdHe, Taka de JII'A ma e Bb3-
MOZKHO HaU-MaJdKa.

PazcbkmaBaiiku aHAJIOTHYHO U 33 IPOM3BOIHUTE B CJI€IBANIATE TOUKH, ITOTYa-
BaMe cJeJinud o0 BuI Ha MeToguTe Ha Pynre-Kyra:

i — Yi 1
% = E(plkl +p2k2 + - +psks)7
kl = hf t'uy’L)

(
ko = hf(ti + caoh,y; + B2, 1k1)
ks = hf(t; + ash,y; + B3 1k1 + B32ka)
ki =hf(ti + ajh,yi + Bjaks + -+ + Bjj1kj-1), j=4,....s.
la obbpHEeM BHHMaHHe, Ye MeToauTe Ha PyHre-Kyra ca € IHOCTBIIKOBU METOIH,

Tbil KATO TP HAMUPAHETO HA ;11 U3MOJ3BAT CaMO CTOHHOCTTa Ha Y;, HO He W Ha
CTOMHOCTUTE Ha ITPUOJINZKEHOTO pellleHue B IPEJX0HUTE TOYKH.
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B JiureparyparTa MoraTr Ja Ce OTKpudT KOG(bI/H_H/IeHTI/ITe Ha pa3JIM4YHUu METOIU
OT TO3W THUII ¢ PA3JIMIEH PeJ Ha CXOAUMOCT. decTo KOoebUITHEHTHTE Ce 3AMUCBAT B
T.Hap. Tabsmia na Butcher:

0
(%) 5271

Qg Bs,l e 65,371
P P2 T Ps

Heka pasmienamve emmn Meros Ha Pynre-Kyra, KOfTO MMa 4eTBbPTU pej Ha
AMPOKCHUMAIUS U € Hall-9eCcTO W3MOI3BAHUAT MeTO 1 3a pemasane va OJIY mpu pas-
HoMepHa Mmpexka. Tabswuiara Ha Butcher 3a merona e

0
1/2 1 1/2
121 0 1/2

1o o0 1
1/6 1/3 1/3 1/6

Banucan moaApoOHO, METOABT UMa CICIHUS BYI;

iv1— Y1
jSE_EL:: Z(1/6ky + 1/3ky +1/3ks + 1/6k4),

h—hﬂt Yi),

hf(t +1/2h, y; + 1/2k),
hf(t: +1/2h, y; + 1/2ks),
hﬂt+h%+@)

[Tpusarame dyukinust B Mathematica, peasiusupaiia merosa na Pynre-Kyra ot
9eTBBPTH PeJ 3a NMpon3BoJHa 3amaqa Ha Ko (2.5).
iniel:= RK4 [f_, n_, to_, T_]:=
h=(T-t0)/n//N
t =Tablel[i h, {i, 0, n}];
y = Tabl e[0, {n+1}];
y[[1]1] =0.01;
For[i =1, 0 sn, i ++,
kl1=hf[t[[i]1], YI[I]]];
k2=hf[t[[i]1+h/2, y[[i]1]+k1l/2];
k3=hf[t[[il]+h/2, y[[i]1]+k2/2];
k4 =hf[t[[i]]+h, y[[i]]+Kk31;

1
yI[ +111] =y[[i]]+g (k1+2k2+2k3+k4)

]:

y

|

Heka a1 m3nossBame, 3a Jga perruM 3anadara na Komm (5).
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in2ol= n = 10;
flt_, y_1:=10y (1-y);
y = RK4[f, n, 0, 17;
pl ot Appr = ListPlot [Table[{t [[i +11], YyI[[i +111}, {i, O, n}],
Pl ot Range -» Al l 1;
0.01

0.01+ (1-0.01) EA(-10t)
G aphi csRow[{Show[pI ot Appr, pl ot Exact, Pl ot Range » Al | ],

pl ot Exact = Pl ot [

{t, 0, 13, P otSter—»Red];

0.01
0.01+ (1-0.01) EA (-10i h) ]}

Li st Pl ot [Table[{i h, Abs[y[[i +17] -

{i, O, n}], PIotRange—»AlI]}]

['pacdbuka ¢ npubIuzKEeHOTO U TOYHOTO pelieHue u rpadpuka Ha IperrKaTa Mpu-
Jlarame IMmo-J10.y.

10r-
0.0025 -

0.8
0.0020 -

06y 0.0015
Out[19]=

04r 0.0010

02 0.0005 -

0z 04 06 08 10 02 04 06 08
Busyasso, perterneto npu n = 10 u3riexkaa MHOTO 106pe (cpaBHeTe ¢ perieHu-
ero nipu Meroure Ha Oitrep).

[ToBeue nndpopmanua 3a HAYNHA, 10 KOWTO ce n30UpaT KOePUIUEHTUTE B METO-
qure Ha Pynre-Kyra moxke ga Obae mamepena B [3]u [1].

2.6.2 MWN3caenBane Ha A-yCTOWYMBOCT M MOHOTOHHOCT 3a Me-
toante Ha Pynare—Kyra

3amaua 10. Jla ce usciaensa 3a A-ycTORYIHBOCT 1 MOHOTOHHOCT METOIBT Ha PyHre—
Kyra

Yirr =i 1

h  2h

ki = hf(ti, i),

]{32 = hf(tz + h,yi + k)l)

(k1 + k2),

Pewenue. M3caenpame A-ycToRIHBOCT U MOHOTOHHOCT BBDPXY MOJEJTHATA 337292
(2.11). TMoxyuaBame MOCIETOBATETHO

1{31 = h)\yl,
ky = hA(yi + k1) = hX (v + hAy;) = hys + (hA)y;,

1 1
Yit1 = Yi + i(h)\yz + hAy; + (RA)?y;) = (1 +hA+ §(h)\)2) Yi-
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CaegoBaTesino, 3a ga 0bjae MeToabT A-yCcToiiunB, TpsaiOBa /14 € U3I'bJAHEHO YCJIOBUETO

1
’1 + Ah + §(h)\)2 <1

PermaBaiiku 1moc/ie/IHOTO ypaBHEHUE 110 OTHOIIEeHNE Ha 2 := h\, moJiydaBamMe
—2<2<0=h<=2/\

Ycji0BueTO 38 MOHOTOHHOCT |
1+ 2+ 522 >0

€ BUHAI'U U3IIBJHEHO, T.€. METOAbT € MOHOTOHEH 3a BCAko h > (. 0
Samaua 11. [la ce u3cieasa 32 A-yCTORINBOCT B MOHOTOHHOCT METOBT Ha PyHre—
Kyra

Yiyr — Y 1

= —(ky + 4ky + k3),

R ekt

kl = hf(tz7yl>7

ke = hf(ti+h/2,y; + k1/2),

ks = hf(t; +h,y;i — k1 + 2ks).
Pewenue. N3cnenpame A-ycTOWYMBOCT W MOHOTOHHOCT BBPXY MOJEIHATA 331242
(2.11). TToaywaBame mOCIEIOBATETHO

kl = h)\yz,

h\)?
ko = hA(yi + k1/2) = hA(y: + hAyi/2) = hAy; + %yi,

ks = hA\(y; — k1 + 2ks) = hA(y; — hAy; + 2hAy; + (hA)?y;)
= hAyi + (hA)?y; + (hA)*y;

1 h\)?

2

1 2 1 3
=(1+hA+ §(hA) + é(hA) Yi-
CrenoBaresHo, 3a 1a Obe MeTOIbT A-ycTOWYINB, TPAOBA /18 € U3I'bJIHEHO YCJIOBHETO
1
6

Pemrasaiiku nocjieHOTO ypaBHEHHE 110 OTHOIICHUE HA 2 := hA, nojiydaBamMe

—251275 < z < 0 = h < —2.51275/\.

1
1+ h\+ 5(hA)2 + = (hA)?| < 1.

YeaoBueTo 3a MOHOTOHHOCT 1
1+2+ §z2 >0
e M3IbJIHeHO 3a z > —1.59607, t.e. h < —1.59607/\. O

3abenesicra. Moxe jia ce nokazke, 4e 3a BCMUKH sBHU MeToju Ha Pynre-Kyra yc-
JIOBHETO 3a A-yCTOHHYBOCT MMa BHIA

1+ 24+ 0% < 1.

[locstenHOTO OYeBHAHO HAMA KakK Ja Obje M3MbJIHEHO 334 BCIKO Z, T.e. ABHUTE
meronnm Ha Pynre—Kyra ca ycimoBHO A-ycroitumBu.

34



2.6.3 Meroau c ajanTuBeH n300p HA CT'bIIKATA.

Pasriieannre 10TYK MeTOAW W3TOJI3BAT paBHOMEpPHA Mpeska. 'ToBa obade HEBUHATHT
e nesiecbobpas3no. Heka pasriiegame ciaeanara 3aada Ha Korrm.

du
— = —b(t t, te (0,10
7 (Hu+t, te(0,10], (2.12)
u(0) =1,
KBbIETO
1 0<t<?2
b(t) = =t=
3 2<t
Mallla TOYHO pemeHHe
(t) t—1+42et 0<t<?2
u = .
st—s+e (584 2eh) t>2

Pemapaiiku 3amadara ¢ Mmeto Ha Pynre-Kyra ot Tpetu pej ¢be crbika h = 0.1,
moJIydaBaMe CJIeTHHS Pe3yITaT;

14

Kakro BuzK1aMe oT rpadukara, METOILT JIaBa J00bP pe3yaTaT 10 0CODEHOCTTa Ha
pelreHneTo B r = 2, ciael KoeTo obade rpaduKuTe Ha TPUOJIHKEHOTO U TOUYHOTO
peIlleHre CEPUO3HO Ce PA3MUHABAT.

SHAYUTETHO TO-T00bD pe3yaTar moaydaBame c¢be crbika h = 0.01:
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14+

12+

Bb3nuksa obade JIOTHIHAAT BBIPOC 3AII0 € He0OXOTHUMO 1 K30 I3BaMe TOJIKOBA
MaJIKa CTHIKA B IeJHs HHTEPBaJ, CJIeJ KaTo B 4acT OT Hero 10 IbTH HO-TOJAMA
CTBIIKA JIaBa J00pU Pe3y/ITaTH.

ITpu wm3moJ/3BaHeTOo Ha paBHOMEpHA Mperka CcThIKaTa TpdabBa 1aa ce
cbobpa3m c Hall-jomms ciry4daii.

Wnedra na MeTroauTre ¢ aJalTUBeH U300p HA CT'bIKATA € Ja H3MOJI3BaMe MaJIKa
CT'BIIKA TaM, K'bJIETO TOBA € HeOOXOINMO (OOMKHOBEHO, K'bIETO PEIIEHUETO Ce U3MEHS
6'bP30) ¥ MO-TOJISMA CT'BIKA, K'bJETO MOBEJICHUETO Ha PEIIeHUETO IO MO03BOJISABA.

Haii-06110, uaesita Ha MeToauTe C aJalTUBEH W300p HA CTHIIKATA MOXKEM i
U3JI02KUM ChC CJEIHULA aJTOPUTDM.

Heka o3naunm h; :=t;,1 —t;, 1 =0,1,2,....

AJITOPUTBM:

N3bupame mwrbpBoHavaIHa CTORHOCT 3a hg; MHUIIMAJIU3UDPAME Yy = Ug, Lo = 0.
Joxkaro t; < T

1. OmensiBame JOKaJHATA TPEIKA, €I'T;, KOSTO ODUXMe JIONYCHAIH ChbC CT'BIKA h;.
2. Hoxkato err; > tol, HamajissBamMe cTbIKaTta h;.

3. llpecmarame y; 1, t;11, KAKTO ¥ IbPBOHAYAJIHA CTONHOCT 3a h;1; yBeJnIaBame
7 ¢ 1.

Hexka pasriename mocaemoBaTeTno cTbIKd 1, 2 u 3.

1. Omenkara Ha T'PeNIKaTa 3aBUCH OT KOHKPETHHUS METOJ, KOWTO U3IO/13BaMe.

EluH BB3MOMKEH HA4MH 3a IPAKTHYeCKa OICHKA Ha TIpeliKaTa € J1a PelIuM
3aJauaTa ¢ JBa pasIiIHd MeToJa OT pa3IudeH pell, HallpaMep BTOPH B TPeTH.
ChoTBeTHUTEe PUOIHAKEHH PENeHns e 03HA4NM ¢ Y>> u Y>> . 3a oleHka

[
Ha I'peliKaTa B3eMaMe

g <3> <2>
erry ==y, =y

HeynobcTBoTo mpu Ta3u oneHka e, e TpgbBa ja ce mpecMsTa NpHOJIUZKEHO-
TO pelleHre MO JBa Pa3/JIMIHU HAYMHA, TOECT Ja Ce MPABAT JOI'bJIHUTETHU
onepanuu. CbiecrByBar obade jBoitku meroau wa Pynre-Kyra, npu kouro
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TO3U 1IpodJIeM OUBA peleH, Thil KATO METOAbT OT O-BUCOK PE/l IPEU3I0/I3Ba
BCHYKHU NPECMATAHUS HAa METOJa OT MO-HUCHK pej. /la pasriemgame cjieHara
JIBoOiiKa mMeTonu Ha Pynre-KyrTa oT BTOpU M TpeTH pej:

0

1|1

1/2 | 1/4 1/4
1/6 1/6 2/3
1/2 1/2 0

3a MeTojJia OT BTOPH peJi ce M3I0JI3BAT KOePHUIIMEHTHTE B II'LPBUTE JBa pPeJa,
a 33 MeTojla OT TPEeTH pejl — B MMbPBUTE TPH.

Koedunuenture B bpBUs pejl MO YepTraTa ce OTHACAT 3a METOHa OT TPETH
peld, & BbB BTOPUS PeJI — 33 METO/a OT BTOPH PEJI.

Taka roJsiygaBame

i = yi + 1/6ky + 1/6k; + 2/3ks,
USE = i+ 1/2ky + 1/2ks.

Cure1oBaTEIHO 34 OICHKATA Ha IPEIIKATA erT; HMaMe
. 1
o <3> <2> _
erry = Y31 —Yix1 = —§(k1 + ko — 2k3).

Cera e u3BegeM (opmysia, MO KOSTO e IMPOMeHsIMe CThbIKaTa. Heka Teky-
MaTa CTBIKA € N temyp. THil KATO M3MOA3BAME METOJ, OT TPETH e, MaMme

err; = Ch? (2.13)

1,temp

3a HaKkos KOHCTaHTa C.

Hckame ga n3depem HOBA CTORHOCT Ha CTBIKATA, N ney TaKa, 9€ IDEITKaTa Ja
e npubJM3UTETHO paBHA Ha 3aJaJeHusd ToJepaHc tol, T.e.

, tol\ '/
M%C@mzﬁmm:<%>.

Uspazssaiikn C' ot (2.13), moaydaBaMe OKOHIATETHO

tol 1/3
hi,new = hi,temp ( 0 ) .

err;

Jla obbpHem BHUMaHuUe, 4de ako err; < tol, To ropHara ¢opmyJa BOJIU JIO
yBeJnIaBaHeTo Ha cTblKaTa. C Apyru AyMH, aKO CMe H3IM0I3BAIN B TEKYIIaTa
UTepaIus Mo-MaJKa CTHIIKA, OTKOJIKOTO € OHJI0 HEeOOXOIMMO, 3a CJIe/IBAIATA
UTepalms CT'bIIKATA IIe Ce YBEJIUUYU. 3aTOBa CbIara (popMysa U3MOI3BaMe U
3a OIpeJIeIsTHeTO Ha HadaHa CTOWHOCT 33 hjy1.
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[Ipunarame npumMepHa umiieMeHTaius Ha meroja B Mathematica:

ng:= RK23[f_, t0_, T_, hO_, tol_]:=
h = hO;
t =t0;
y = {0};
y[[1l]] =1;
i=1;
t = {0};
MNIeP[U]]<T,
kl1=hf[t[[i]], Y[L[i1ll;
k2=hf[t[[i]]+h,y[[i]]+kl];

h 1 1
k3=hfh[ﬂ]]+z,y[U]]+Zk1+zk2L

1
vxhile[Alos[5 (k1+k2—2k3)] >tol,

1/3
t ol
h=nh )
Abs[% (k1+k2-2k3)]

kl=hf[t[[il1], y[[i1ll;
k2 =hf[t[[i]]+h, y[[i1]+k1];

h 1 1
k3=hfP[U]]+—,y[U]]+—k1+—k2L
2 4 4
Ap d[ [[i 1] L k1S k22 k3]
= Append |y, i11+—kl+—k2+— ;
y p Y,y 5 6 3

t = Append[t, t[[i]]+h];

1/3
t ol
h=h[ )

é/ms[w1+k2-2k3n

i ++

{t. y}

|

Ha mpuioxkuM peaiusupanara byHKIMs 32 pellaBaHeTo Ha 3a1adara (2.12).
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msoi= b[t_1:=1f[0=st <2, 1, 3]
-b[t]ly+t;
yI[[i +111}, {i, O, Length[y] -1}]1;

frt_, y_1:
t =RK23[f, 0, 10, 0.1, 107°][[1]];
y = RK23[f, 0, 10, 0.1, 107°][[2]];
pl ot Appr = ListLinePlot [Table[{t [[I +1]1,
exact Sol utionf[t_] =If[05t <2, t-1+2E%, St 5+E-3t (— E6+2E4]]
pl ot Exact = Pl ot [exact Sol ution[t], {t, O, 10}, PlotStyle » Red];

Show[pl ot Appr, pl ot Exact ]
Busyasino, npub/inzKeHoTo 1 TOYHOTO pelleHue ca Hepas3JnduMu:

18}
16}
14
out[57]= [
12}
10}
\ TR | Lo Lo Lo L L L T T R R
i U 2 3 4 5 6
MozkeM J1a BUJMM, 4e TpeliKaTa JAeficTBUTE/]HO e orpaHudena or 107°:
inf07:= pl ot Err = Li stPl ot [Table[{t [[I +1]], Abs[y[[i +1]] -exactSolution[t [[i +1]1111},
{i, 0, Length[y] -1}1, Pl ot Range -» Al | ]
4.x10°8} .
3.x10°

out[107]= 2.x1078

1.x10°6
| L L L | L L L | L L L | L L L | L
2 4 6 10

. Ha ciregBamara rpaduka n3odbpassi-

Heka BHJIUM KaK Ce ¢ U3MeHdJa CThIIKaTa

-.b.".n

BaMe cTbIKaTa B uHTepBaja 0 <t < 2.5,
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nisp= ListPlot [Table[{t [[i1], t [[i +111-t[[i]11}, (i, 1, (Length[y]l-1)/1.5}]
, Plot Range -» Al | ]

005

0.03%

0.02f /

001l

Out[115]=

05 1.0 15 2.0 25

Bmxname, 9e 0KOJI0 0COOEHOCTTA HA PENIeHHeTO CThIKATa € HaMaJleHAa 3HAYH-
tesno. Cres Ta3u 0COGEHOCT METObT yBEJIHYaBa CT'HIKATA, Thil KATO PENeHrneTo

craBa 01130 /10 JuHeiiHa QYyHKINAA:
ListPlot [Tabl e[ {t [[i]], t [[i +11]1-t[[i11}, {i, 1, (Length[y]-1)}1,
Pl ot Range -» Al | ]

10

Out[116]= L .

05+ .

2.7 Mmuorocrbokosu meToau. Meroan Ha A namc-Bamidopt
n Angamc-MyJiTOH.

Bropusar ocHoBen KJiac MeToau 3a pemasane Ha O/1Y oT bpBH pell, 0CBEH METOIUTE
na Pynre-Kyra, ca T.Hap. MHOTOCTHIIKOBU METO/IH.

[Ipu egnocThIKOBUTE MeTOu, Hanpumep meronute Ha Pynre-Kyra u Oiinep,
npecMaTaMe CTOIHOCTTA Ha MPUOIUKEHOTO PEIlieHue ;1 1, U3M0I3BafKu caMo CTOfi-
HOCTTa Y;. Hampumep mo aBHug meron wa Oitep mmame

Yis1 = Yi + hf(ti, vi).

W gesara Ha MHOTOCTBIKOBHTE METOIM € JIa H3IOJI3BaMe HHpOpMalusaTa, KOITO
CMe TOJIYUWJIM 38 PEHIEHUETO B HAKOJKO HPEJAXOJHU TOYKH, KaTO 110 TO3U HAYUH
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[EJIMM JIa [TOJIYYMM 0-BUCOKa TOYHOCT. EJIMH Bb3MOXKEH 110/1X0/1 3 110J1y4YaBaHe Ha,
TaKWBa METO/N € cjaeHudT. KakTo Kazaxme, AudepeHIuaIH0TO yPaBHEHNe

du

= It u(®)

MOZKe JIa Ce CBeJie JI0 eKBUBAJEHTHO Ha HErO WHTErPAHO ypaBHEHHe. 3a Ta3| I
UHTerpupaMe JiBeTe CTPaHHU B TPAHUIM OT t; 10 ;41 U moaydaBame

tit1

t;

WU, KOETO € ChIINOTO, .
i+1

t;

3a ga mojayduM AudepeHdHO ypaBHEHHE, alpOKCHMHUPAIIO TOPHOTO HHTEIPATHO
ypaBHEHHE U CJeJOBATEIHO OPUTHHAIHOTO TU(EPEHIIHAJIHO YPaBHEHHUE, IIe alpoK-
cUMUpaMe HHTerpaJja B JASICHATA CTPaHA.

3a Ta3u 1es Ie M3MoI3BaMe WHTEPIOJanunoHHa KBaaparypraa ¢dopmysra. Heka
osnauum f(t) = f(t,u(t)). Ja npunoMuum, Ue naesTa Ha HHTEPHOIAIMONHATE KBaI-
paTypHu GpOpMYJIH € Ja aIIPOKCHUMHUpPaMe MOoJuHTerpaanaTa pyHKIUsS ¢ HHTePIIoia-
IMOHHUSA ¥ HoamHOM Ha Jlarpamx, f ~ L,(f,t) u Torasa mosydapaMe IIpHGIHIKe-
HIe Ha HHTErpaja, Karo murerpupame L,, Bmecto f. VHTeprosanmonums momm-
HOM Ha JlarpaH:k mOCTposiBaMe, KaTo 3a MHTEPHIOJJIAIMOHHN Bb3/IH B3€MEM TOIKUTE
ti, tifl, tz;g, R 7tifs-
3abenescra. EcrecTBeHO €, pa3dupa ce, 1a U3IM0OJI3BaMe IMEHHO TOYKHATE OT MperKa-
Ta, Thil KATO 33 MOCTPOSIBAHE HA WHTEPIIOJIAIMOHHNS TIOJIUHOM HU € HeOOXOMuMO /13
3HAEM CTOHHOCTTA HA WHTepHnojupaHara (PYHKINSA, a TOBA € W3I'bJIHEHO UMEHHO B
TOYKHTE OT MperKara.

3abenescra. VI3nom3Baiiku Bb3ea t; U MpeaxogHuTe Bb3JIH, IOy YaBaMe sBEH Me-
TOJI, T'hbil KATO HEe W3MOJ3BaMe CTOMHOCT Ha PEIeHueTo, KOSTO BCE OIIe He € HaMe-
peHa.

Cnen Te3n yTOUHEHHUs, HEKa pasriegaMe HIKOJIKO KOHKPEeTHH MeTOJA, IOy YeHH
110 TO3U HAYUH.
ExnocrbnkoB meroa. [lpu s = 0, euHCTBEHUAT MHTEPIIOJIAIMOHEH Bb3eJ €

t;. TbpcuM momHOMA OT HyJI€Ba CTEIeH, KOWTO HHTepHoIupa (hYHKIIHITA T(t) (T.e.
ChBIAJIA ¢ Hes ) B TouKaTa t;. OdeBuiHO TOBa € KoHcTaHTata f(t;) = f(t;, u(t;)) =: fi.

Nmame
_ tit1

7

BamecTBaiiki anpoKcHManuaTa Ha uHTerpaia B (2.14), mosyuaBame
Yit1 = Yi + hfi,

T.e. OTHOBO TIOJIydnxMe siBHUsS MeTo Ha Ofisiep, 3a KoiiTo 3HaeM, e uma JITA O(h).
ABycTbnkoB meroa. lIpy s = 1 ThbpcuM momHOMA OT II'bpBa CTEleH, KOWTO

uaTepnonupa ¢yukmusta f(t) B Touknte t;,t; 1. llle m3noa3zsame dopmynara na
Hroron ¢ paznenenn paziauku. [Ipecmsrame HeOOXOMMUTE HE PA3IEJIEHN PA3IUKH:

Io0-061110, MOKEM JIa WHTErpUpaMe B IPOU3BOJIEH MHTEPBAJ [ti—k,ti], HO Haji-decTo N3MOI3Ba-
HUTE METOJU Ce TI0JIy4aBar Ipu u300p HA MHTEPBAIA [t;—1, t;]
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tic1 | fia

Torasa 3a UHTEPIOJAITMOHHUA IMOJIMHOM IIOJIydaBaMe

ﬂﬂ%ﬁ+ﬁ%%ﬁﬁ—m

— t;m f)dt ~ /t;i“ (fi + —fi‘l_; J: (t— ti)> dt
B fior — fi (=) - h

= fih — 3 5 —fih_§(fz’fl+fi>

BamecTBaiikn anpokcumanuaTa Ha uHTerpana B (2.14), moaydyasame mMeTona

h
Yir1 = Yi + 5(3fi — fi1),

3a KOHTO MoKe Ja ce nokaxke, 9e uma JITA O(h?).

[Toy4yenuTe 1o TO3M HAYMH METOIM ce HapuiaT MmeToau Ha A namc-BamidopT
W ca 9BHU JIMHEHHU MHOTOCT'HIIKOBH METOJIM 3a pelaBaHe Ha 3agadara (2.5).

AHaJIOrHIHO MOTaT Ja Ce MOJYyJaT HesIBHU METO/IH, KATO IPHU IMOCTPOSIBAHETO HA,
HHTEPIOIATMOHHAA TIOJIMHOM, allPOKCHMUPAIT ognHTerpaanara Gyukmus B (2.14),
U3M03BaMe Bb3IU by 1,1, ..., 1115 Te3u meToan ce napuyaT MeToau Ha A amc-
MyaToH.

DopmyauTe, KaKTO 3a MeToauTe Ha Anamc-Baridopt, Taka u 3a MeTomuTe Ha
Atamce-MysrTon, Morar j1a ce HaMepsiT JIECHO B JIUTeparypara.

[Ile mpegmoxum PyHKIM, UMILIEMeHTHpaIa merod Ha Amamc-bamdopr or
YeTBHPTH PEJI:

Yit1 = Yi + % (55f; = 59fi 1+ 37fia — 9fi_3)
Heka orbene:xum, de 3a NnpecMsaTaHeTO Ha NPHOIMXKEHOTO pelleHue B ¢ + 1-BaTa
TOYKA € HEeOoOXOANMO pelleHneTo B npeaxoanute 4 Touku. CjiemoBaTeIHO CTORHOC-
TUTE B II'bpBUTEC Y€TUPU TOYKHU OT MpPeXKaTa HE MOXKeM Jla HaMEpHUM JUDPEKTHO 4Ype3
ropaaTta Gopmyaa. 3a Tas3u el ¢e U3M0A3Ba eIHOCTHIKOB METO/I, HMMAIIL ChIU PeI
Ha ampokcuManud. Hue me m3non3Bame metoa Ha Pyrre-KyTa oT 4eTBbpTH per,
KOUTO pa3rjiegaxMe mo-paHo.
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AB4A[f ,u0_, h_,t0 , T ]:=

n=Ceiling[(T-t0) /hy;

t =Table[i h, {i, 0, n}];

y = Tabl e[0, {n+1}];

fi =Table[0, {n+1}]; (xlist of values of the right-hand side fx)
y[[11] = u0;

(xConput e the first approxi mate val ues, using the RK4 nethodx)
Forp =1, 0 3, i ++,

ki=hfrt[rril1, yrriiin

k2 =hf[t[[i]1]1+h/2, y[[i]l]+k1l/2];

k3=hf[t[[i]11+h/2, y[[i]l]+k2/2];

kd =hf[t[[i]1]+h, Y[[i]]+k3];

1
VIO +111 =y I[Ii ]]+E (k1+2k2+2k3+k4);

fi [l +111=FfQt [0 +111, y[[i +1111;
(*Conput e the remai ni ng val ues, using the AB4 fornul ax)
Fm[i=4,i<n+1,i+h
yIl +11]1 =
h
y[[i]]+z (55fFi [[i]1-59fi [[i -111+ 37fi[[i -211-9fi[[i-311);

fi[[i +1]1=f[t[[i +11], y[[i +1111;

]:

y

|

Baxno e ga orbesrexkum, de, 3a Jja Objie UMILJIEMEHTAIIUATA HA METOIA
edekTBHA, € HEOOXOAMMO A Ma3MM HE CAMO CTOMHOCTHUTE Ha IIPudIH-
2KEHOTO pellleHne, HO U Ha AsSCHATA CTPAHA B TOYKHUTE OT MPEXKATa, 3a 73
I/I366FHGM MHOT'OKPATHOTO IIpeCMdTaHe Ha AeCHUTE CTPaHU B €JHKW W CbIIU TOYKH.
Bu 6mj0 cepmo3Ha rpemika jga He u3noJji3BaMe To3u (hakT, Thili KATO B MPO-
TUBEH CJIyYaili MeTOIbT MI€ M3II'bJHABA MHOIO MO-rojigM Opoil omeparuun
(cpaBHEME ¢ MeToa Ha PyHre—Kyra).

Metroaute Ha Apnamc—Bamidopt ca mo-6bp3u or Mmeroaute Ha PyHre—
KyTa cbc cbimus pen HAa TOYHOCT, HO OOMKHOBeHO MeToanTe Ha PyHre—
Kyra nmaTt no-mo0po moBejieHne OT IJIEAHA TOYKA HA YCTOWYMBOCTTA HA
meroaa. llocieanoro e BaxKHO 3a 3aJa4u, IPH KOUTO YCJOBHETO 3a YCTOMYIUBOCT
MOZKe JIa O3Ha4aBa, de MeTOIbT Ha Amamc TpgOBa J1a ce M3IO0JI3Ba ¢ TBbpIe MaJjIKa,
CTBIIKA, KOETO Ja T'0 HAIIpaBU HENPUJIOXKHUM Ha IpakTuKa. VI300pbT HA mMeTon
3a pelIaBaHETO Ha BCAKAa KOHKpeTHa 3aJada 3aBUCH OT TOBAa KaKBO Ce
M3UCKBaA OT Hero — Obp30/eiicTBUE, BUCOKA TOYHOCT, YCTONYNBOCT U T.H.
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2.8 Hgakomn npujokeHus Ha YUCJEHUTEe METOAMN 3a
pemasBane Ha OJLY

[Ile pasriemaMe HSIKOJKO IMpHMepa, Ha 6a3aTa HA KOUTO Ie WJIIOCTPHPAME IIPHIO-
JKEHUETO Ha PA3IJIeKIAHUTE METO/M HA MPAKTHKA.

Ananu3 Ha ¢dpopmaTa Ha OCEBO-CIMETPUYHA KaITKa.
Meroasr Ha Amamc-Bamdopr matupa ot kpas #Ha 19-TM Bek, KaTro mWbpPBO TOi €
O IPUJIOZKEH 3a olpejiesisgHe nmpoduia Ha Kanka oT AajieH dayua. Eto 3amo nue
e TO WICTPUpaMe HMEHHO BbPXY Ta3H 3ajada.

Pazriexk mame cucremara

dr

— = COS

dS ()07

dz .

— =sgin

dS ()07

J .
A0 _ oy y g, S0P
ds r

KOATO ONMHUCBA MpodUIa HA KANKa, MyCHATA OT JaJeH KATWIAP, MO/ JeHCTBACTO HAa
rpasuTanusara. [Ipobuabr ce onucsa karo mapamerpudna Kpusa | = (r(s), z(s)),
KOATO € HapaMeTpusupaHa IO AbJXKHHaATa Ha AbraTa, S, U3MEpEHa OT BbpPXa Ha
KAIIKATA K'bJIETO ( € bI'bJIbT, KOITO JONUPATENHATA B CHTOBETHATA TOUYKA CKJIIOUBA
¢ aberucHaTa oc. IlapameTbpbT b OnMCBa KpUBHHATA BbB BbPXa HA KAIIKATA, & C €
mapamMeTbp, KOHTO XapaKTepu3nupa BEIeCTBOTO.

(r(s), z(s))

0 r

Hauasnnure ycaosus ca r(0) = 2(0) = p(0) = 0. Jla orbesexum, de cucremara
nMa ocobernoct npu s = 0, Thil KaTo ACHATA CTpaHA Ha IMOCAEIHOTO YPaBHEHHE He
e necpunupana. Mozxke ja ce mokazke obade, 4e JgCHATA I'PAHUIA CHIIECTBYBa U

dp

= ).
ds {o,

Torapa e ecrecTBeHO J1a IpHeMeM IIOCJIEIHOTO KaTo JAeUHUIN HA JgCHATa CTPAHA
3a s =0.

3a ma MoxkeM Ja H3IoJI3BaMe Bede HammcanaTa B Mathematica dyukmua AB4,
I'bPBO TPAOBA Jla 3alMIIEM CUCTEMATa KaTo eJ1HO BeKTOopHO ypasuenue. [losaraiiku
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u=(r,z,¢)" nfu) = (fi, f2, f3s)", xvaero

fi(u) = cos g,
fa(u) = sin g,
2+ ¢z — 22 5>
u) = r .
fa(w) b, s=0
HOJIydaBaMe CHCTEMATA,

M ), s> 0

- = S

dt ) b

u(0) = (0,0,0)".

Kakro xazaxwme, me n3nos3ame ¢yukiusta AB4 3a HeiffHOTO peraBaHe, KaTo
MaJIKO I1e s Moaucuimpame. ToBa ce Hasara, nupeasu ¢gpakTa, 1e 0OUKHOBEHO 3a-
Jadarta e cKaJupaHa Taka (T.e. ca n30paHW TAKUBA MEPHU €JWHUIN), Ue PAJUYCHT
Ha Kanuagpa aa Obae eannuia. ToBa o3HavaBa, e TpsOBa Ja HHTerpupaMe, T0KATO
r crane 1.

Bzemaitku mpeaBu, de KamkaTta € 0CeBO-CUMETPUIHA, TO € JOCTATHIHO /13 B3e-
MeM €aMoO ITOJIOBUHATA OT Hes.

[Ipmiarame mo-moany MoaudpUIUpaHUus KOJI, 3a€IHO € NPUIOKEHHETO MY 3a OIl-
pelenigHe Ha npoduia Ha KalKaTa IIpU CTOHHOCTH Ha mapaMeTrpute b = 1.84366 u
c=—2.9.
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n7= ABA[f _, u0_, h_1:= (

y = Tabl e[0, {4}1;
fi =Table[0, {4}]; (xlist of values of the right-hand side fx)

y[[1]] = uO;
(*Conpute the first approxi mate val ues, using the RK4 net hods)

For[i =1, i €3, i ++,
ki1=hf[y[[i]1]];

k2 =hf[y[[i]]+k1/2];
k3=hf[y[[i]]+k2/2];
k4 =hf[y[[i]1]+Kk3];

1
yI[i +11] =y[[i]]+g (k1 +2k2+2k3+k4);

fip «111 =f[y[[i +1111;

i =4,
(*Conput e the remai ni ng val ues, using the AB4 fornul ax)

V\hile[y[[i, 117 < 1,
y = Append [y,
y[[i]]+% (550 [[i1]-59fi[[i —1]1+ 37fi [[i =217 - 9fi [I[i -3]])];
fi =Append[fi, fly[[i +11]1];
i+

]

y

|

In[8]:= b= 1/0 5424
c=-2.9;
f[u_] :={
Cos[u[[3]11,
Sinful[3]11,
Si 3
Infuf[ ]]]’ b]

If[u[[l]] £0, 2b + cu[[2]] -
uf[lll

J

res = AB4[f, {0, 0, 0}, 0.017;
ListPlot [Table[{res[[i, 111, res[[i, 211}, {i, 1, Length[res]}],
Aspect Rati o » Automati c]

B pesysiTar oT M3I'bJIHEHUETO HA TOPHUSA KOJI, MOJIydaBaMe CJaeHus NpoduI Ha
Kalrka.
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141
121
101
08
Out[12]=
06
04

0.2

Pemasanero na ropuata cucrema OJLY e gact or T.Hap. Axisymmetric Drop
Shape Analysis. ToBa e merox, Ha 6a3ara Ha KOWTO PabOTIT MHOTO ypeau 3a
OlpeJiesisiHe Ha MOBbPXHOCTHO HANPeyKeHHEe Ha TEYHOCTH (TeHCHOMETDH).

HOB’prHOCTHOTO HallpeKeHHNe € XapaKTepUCTUKa Ha TEeIYHOCTUTE, KOATO I'l
Kapa Ja Bb3npueMar (popma, IpH KOsITO MOBbPXHOCTTA UM € MUHUMaJHa. Har-
paBaTa Ha H3MepPBATEIHH yPead 3a H3MePBaHe Ha IOBBPXHOCTHO HAIIPEXKEHHE
e rojiiMa HMHIYCTpHA. 3a Ta3u LeJl KalKa OT JaJIeHO BeIIECTBO ce IyCKa OT
KalluJIdp. Ha xkankara ce 1IpaBu CHUMKAa, KOATO C€ JUI'MTAJIU3UPa U TaKa IIPO-
duabT Cce ommeBa ¢ MHOXKECTBO OT TOYKH (3apajy CHMETPHSITA DA3LJICKIaMe
CaMO MOJIOBIHATA).
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Ot apyra cTpaHa, OTYNTANKE CHJINTE, MAEHCTBAINM BBPXY KAIKATa, KAKTO
BUJIAXME, MOYKe J1a ce omnpeesn mpoduIbT npu 3a1aeau napamerpu. Codrye-
PbT, YIPABJIABAIL yPEJIUTe, OMPeIesisi CTORHOCTTA Ha mapaMeTpuTe (B 4aCTHOCT
apaMeTbpbT ¢, B KOHTO yIacTBa MOBbPXHOCTHOTO HANPEXKEHNE) TaKa, de eKc-
HEPUMEHTAJIHUAT U TEOPETUIHUAT HPOMUII JIa ChBIHAJIAT.

Omnpegenste TpaeKTOPUATA HA pPaKeTa.

Orunraiiku cuante, AefICTBAIN BbPXY TsJI0, H3CTPEJISTHO MOJ 'bI'bJI fy ¢ HAYaJIHA,
CKOPOCT g, HEroBaTa TPAaeKTOPHs ce OnucBa che cucremara OJY

% = vcosb,

% = wvsinb,

% = —%cpst — gsinf,
Ccil_z = —%cos@,

K'b1eT0 (azoBuTe HPOMEH/UBU ca Koopaunarure x(t) u y(t) Ha TAI0TO B MOMEHTA
ot Bpeme t, v(t) e ckopocrTa My, a 0(t) e BIbAbT, KOHTO JonHpaTesHaTa KbM Tpa-
eKTOPHUATA CKJIYBA ¢ abcmucHaTta oc. [lapamerpure B Mojesa ca CaeIHUTE — M €
MacaTa Ha TAJI0TO, p € IIBTHOCTTA Ha Bb3/IyXa, ¢ € KoeUuIneHT Ha ChIPOTUBJIEHNE,
S € JUIEeTO Ha HAPEYHOTO CeueHne Ha TSIOTO.

3a mavamuu yeaosus Biemame z(0) = y(0) = 0, v(0) = vy, 6(0) = Oy, KBIAETO Vg
u 6y ca CHOTBETHO HAYATHATA CKOPOCT M 'bI'bJIA, MO KOUTO € U3CTPE/ISTHO TSLIOTO.

Heka npecMerneM TpaekTopusaTa Ha Tsjo ¢ Maca 15 kg u wabrnocer 1.29kg/m?,
H3CTPEJISTHO € HAYaJIHa CKOpocT vy = 50m/s mox brba Oy = 0.6rad u 0y = 1.2rad.
CTORHOCTHTE Ha OCTAHAJIATE MApaMeTpu B Mojaena ca ¢ = 0.2, g = 9.81m/s?, s =
0.25.

Tpaekropusra decto TpgabBa ja ObJie onpe/iesiena ¢ Bucoka rounoct. Heka nar-
puMep ToMCKaMe OTHOCHTEJHATa Ipemka ja obae ue no-roasma ot 0.01%. Toa-
XOJIAI MeToJ, 6u O Hanpumep MeTobT Ha Pynre—Kyra ¢ ajantuBen uzdop Ha
CTBIKATA, Thil KATO MIPU HETO UMaMe aBTOMATUIHA MPOBEPKA HA TOYHOCTTA.

[Ipmiarame moaudukanusa Ha pyHknuara RK23, KoaTo HpelIoKuXMe, OTIU-
raima gakTa, e paboTUM C BEKTOPHO ypPaBHEHHE, T.€. IIPU OIEHKAaTa Ha I'PelrKara
TpsAbBa Ja U3MoJI3BaMe HopMaTa Ha ChoTBeTHUTe BeKTopu. Cblllo Taka, U310/ 13BaMe
OlleHKa Ha OTHOCHTEJHA TI'DeIlKa, T.e. UMaMe err = %, KbIeTo y2 u y° ca cb-
OTBETHO CTOWHOCTUTE HA MPUOIUKEHOTO PelleHue TP W3MOJI3BAHETO HA METOTUTE
OT BTOPHU M TPETHU PE/I.
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= RK23[f _, u0_, t0_, T, hO_, tol _]:=

h = hO;

y = {0};

y[[11] = u0;

i =1;

Vhi le[y[li 1111211 20,
kL=hf(t{0ill, y([i111;
k2=hf[t[[i]]+h, y[[i]]+k1];

h 1 1
k3=hfh[ﬁ]]+—,y[U]]+—k1+—k2L
2 4 4
1
V\hile[Norm[(E (kl+k2-2k3)], Infinity]/ Norm[y [[i 11, I nfinity] >tol,

1/3

tol
h=h ,
[Norm[(é (k1+k2-2k3)), Infinity]]

kl1=hf[t[[i1], y[[i11];
k2=hf[t[[i11+h, y[[i]]+k1];

_ h _ 1 1
k3=hfh[n]]+z,y[u]]+zk1+zk2L

= en i | ;
y p y, Yy +6k1'6(2I3k3
t = Append[t, t [[i]]+h];
1/3

t ol

h=h
[Norm[(é (k1+k2-2k3)), Infinity]

i ++

y

|

[Ipunarame ropuara pyHKIUs 33 pPelllaBaHe HA [IOCTABEHATA 3a/1a4a:
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m= 15;

c=0.2, p=1.29; s=0.25; g=9.81; v0O=50; e0=0.6; T=0;

u0 = {0, 0, vO, e0};

frt_, y_l 1={Y[[3]]003[Y[[4]]], y[[311Sin[y[[4]1],
1/m(T-1/2cpsy[[311%) -gSin[y[[4]11], -g/y[[31]1Cos[y[[4111}

res = RK23[f, u0, 0, 10, 0.0001, 10-%];

points =Table[{res[[i1]1[[11], res[[i11[[211}, (i, 1, Length[res]}];

pl ot Appr 1 = Li st Li nePl ot [poi nts];

e0 =1.2;

u0 = {0, 0, vO, e0};

flt_, y_1l :={y[[3]]Cos[y[[4]]], yI[[311Sin[y[[4]111,
1/m(T-1/2cpsy[[3]1%) -gSin[y[[4]1]1], -g/y[[3]1]1Cos[y[[4]111}

res =RK23[f, u0, 0, 10, 0.0001, 10‘2];

points =Tabl e[{res[[i 1]1[[1]], res[[i11[[2]1]1}, {i, 1, Length[res]}];

pl ot Appr 2 = Li st Li nePl ot [poi nts];

Show pl ot Appr 1, pl ot Appr2, Pl ot Range -» Al | ]

Tpaekropuure npu 6y = 0.6rad u 6y = 1.2rad umar cieqnus Buj;

80—
Out[15]= 20
20 -

50 100 150

PemaBane ma TBbpau cucremm.
Hexka pasrsiesame 3agaqdara Ha Korn

d
d—? = A—u+sint), 0<t< 10,
u(0) =0,
MMallla TOYHO pelleHue
A n N
u(t) = T ¢ + e sint — e cost.

Ja pemum 3amagara upu A = 1000000. IIbpBara HE maes Moxke jga Obae da
U3I0J3BaMe SIBEH METO/, II0Pa/u OTHOCUTETHATA IPOCTOTA U O'bP30/IedCTBHE CIIPIMO
negpauTe. Heka mpuoxkum nampumep Meroja na Pynre-KyTta or 4eTBbLpTH pej.
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inf241= A = 1 000 000;
flt_,y l:=ax(-y+Sin[t]);
y = RK4[f, 0, 0.0001, 0, 107;

pl ot Appr = ListLinePlot [Table[{t [[i +1]11, y[[i +111}, {i, O, n}11;

A
C = ;
1+22
22 A
pl ot Exact = Pl ot [c E-2 4 Sin[t] - Cos[t], {t, 0, 10}, PI otSter->Red];
1+22 14+22

Show[pl ot Appr, pl ot Exact ]

Jla oT6eIesKIM, de cMe H3IOA3BATH J0CTa MaJKa cTbhlka — 1074, PesyaTarst ot

HU3II'bJIHEHUETO Ha T'OPpHUA KO € CJIeIHUAT:

flcHO e, 4e mpwYMHATA 3a MOJIYYeHHUs Pe3yJTaT € YCJIOBHATA YCTOWYHMBOCT Ha
MeTO/Ia. 32 KOHKPeTHATAa 337]a4a YCJIOBHETO 32 YCTONIMBOCT 03HAUABA, Ye CT'hIKATA
TpsbBa Jla € TBbPJEe MaJjka, 3a Ja Objle MeTO/bT YCTOHYUB, KOETO I'0 lpaBU HA

TPAKTUKA, HEITPUJIOKIM.
Tosa e npumep 3a T.Hap. TBBPAU 3aa4u. FcTecTBeH 1MOIX0/1 TOraBa e J1a OlmuTa-

Me JIa pelllnM 3ajia4daTa ¢ HegseHn MeToj. Ille usnpobBame nHedaBuus meros Ha Oiirep

3a IesTa.

A =1000000;

flt_, y_I:=2a(-y+Sin[tl);

y=inplicitEuler[f, 0, 0.1, 0, 107;

pl ot Appr = ListPlot [Table[{t [[i +1]]1,
Pl ot Range » Al | 1;

yor +111}, {i, 0, n}],

A
C = ;
1+22
22 A
pl ot Exact = Pl ot [c E 4+ Sin[t]- Cos[t], {t, 0, 10}, PI otSteraRed];
1+22 1+22

Show[pl ot Appr, pl ot Exact, Pl ot Range -» Al | ]
Pesynararsr (npu w3nosrssana crbiuka h = 0.1) e caegausr:
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Buxname, de popu HedBHudaT Merol Ha Oiiiep, KOWTO MMa I'bPBU peJI Ha CXO-
JIIMOCT, ce cIpaBs J00pe ¢ pelllaBaHeTO Ha 3a/1a4aTa.

2.8.1 CpaBHeHHe Ha MeTOJNTE 3a YncJieHo pemiaBane Ha O/1Y

B macrosmusa naparpad 1e HapaBUM €IHO KPATKO CpaBHEHHE Ha 0a3a Ha HIAKOJIKO
MpU3HAKa MEXKJIy MeTOAnTe 3a udncjaeHo pemasane Ha OV, 6e3 ga mpereHampame
33 KAKBAaTO U Ja € M3IePIATETHOCT.

1. fBHU MeTOIM

(a) Merox na Oiiep
+ Bbp3 u Jecen 3a uMILIeMEeHTHPaHEe
- Bapno cxomgar.
(6) Meroau na Pymre-Kyra
+ CwmItlecTByBaT METOAM C BUCOK PeJ, Ha CXOAUMOCT
+ Ilo-m06pu cBoiicTBa OT IJieHa TOYKA HA YCTOMIUBOCT CIIPSIMO METO-
nute Ha Anamc-Bamdopr
+ YmobHM ca 3a M3MOJ3BaHE ¢ aJIaTHBEH U300p Ha CTBHIKATA
- Tlo-6aBuu or meromure na Amgamc-Baridopr
(B) Meronu na Anamvmc-Bamidopr
+ CwmIlecTByBaT METO/IM ¢ BUCOK PeJ, Ha CXOAMMOCT

+ Ilo-0bp3u cupsmo meroauTe Ha Pynre-Kyra

+ Yecro ce KOMOMHHMpAT ¢ HedBHUTe MeToau Ha Agamc-MyaToH Karto
IPEeTUKTOPHO-KOPEKTOPEH MEeTO,

- Ilo-Jtomn cBo#icTBa OT TUIe/iHA TOYKA HA YCTOWYUBOCT CIPAMO METO-
aute Ha Pynre-Kyra

2. ¢IBHM cpenty HeIBHU MeTOIH
e fBHUTE MeTOMM ca 3HAYUTETHO HMO-ObP3H.

e 3a TBbpAM 3ada4u dBHUTE METOAU Ca HPAKTUYCCKU HEIIPUJIO2KHUMU.
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e YecTo HeaBHUTE METOIM Ce€ H3IOJ3BAT 3a€IHO C IBEH METOH B IBOIKA
TPeTUKTOP-KOPEKTOP.

3. ApanTuBen m360p Ha CTHIKATA CPEINy PaBHOMEpPHA MPEeXKa

e PapHOMepHaTa Mperka MO3BOJIABA Ja ce KOHTPOJIUPA BPEMETO 3a U3ITbJI-
HeHUe Ha aJTOPUTHMA, T'hbil KATO OPOAT OIepallih € MpeIBAPUTETHO U3-
BECTEH.

[} A,[L&HTI/IBHI/IHT I/1360p Ha CTbIIKaTa IIO3BOJIABa Ja C€ KOHTPOJHPa aBTOMa-
THYHO TOYHOCTTA Ha HpI/I6JH/I}KeHOTO penienue.

e B 3ajiaun, npu KouTo penieHnero ce m3MeHsd ObP30 B MaJbK MHTEPBaJI
or jJeduHUIMOHHATA 00JacT U 6aBHO — B OCTaHa/aTa 4acT — METOJNTe
C aJallITUBEH I/1360p Ha CTBhIIKaTa UMaT ABHO MPEeIUMCTBO. B ITPpOTUBEH
caydail MOXKe a ce OKazke, 4e H3IM0JI3BAHeTO Ha paBHOMEPHA, CT'HIKA IIe
€ MO-yIA4HO OT TIeJHA TOYKa Ha Obp3oieiicTBrme, Thil KaTo ce m30sT-
BaT IIPOBEPKUTE 3a TOYHOCT U IIPECMATAHECTO Ha HOBa CT'bIIKa Ha BCAKa
ATEepaIusd.

Ha 6a3a na ropHoTO CpaBHEHHE OIE BeJIHBK IMe Mo IepTaeM, ue TMO3HABAHeTO
Ha Pa3JUYHH MeTOAHW HH II03BOJISIBA Ja M3IO0J3BaMe METO, KOWTO € MOAXOISII, OT
rJIeJHa TOYKa Ha M3UCKBAHHUATA Ha KOHKpeTHATa IMPHUJIOXKHA 3a1a49a, KOITO pella-
BaMe.

2.8.2 JlombauuTresHa wHPOPMAITUA

2.9 JlonbJHUTEJIHU 3aJIa4U
3amava 12. /IndepeHInaIHOTO ypaBHEHNE

dy  —x+ /2% + 4y?

dx 2y

onmnca popMara Ha paBHUHHA KPHUBA, KOATO OTPa3siBa BCHYKHU JI'biH, YCIIOPEITHU
Ha abcrucaTa, B €JlHA U CbIA TOYKA (HAYAIOTO HAa KOOpAMHATHATA cucTema). Ta-
KHWBa MOJIeJIM HaMUAPAT HPUIOKEHNE TIPU OIVieajiaTa B TeJIeCKOIUTe, caTeJIMTHATE
aHTeHH, COJapHUTe KoJieKTopu 1 Ap. Pemmere 3amadara Ha Komwm, choTBeTcTBaIIA
Ha I'OPHOTO yaBHeHUE

Sagada 13. PasriexgaMe 9ucJIeHAd MeTO ¢ TErjo
Yir1 = y; +hOfj +h(1—0)f;.
e Kou Metomu ce moaydasar npu § =0 u 6 = 17

e Kak majaeHuaT Meros MOxKe Jia O'bjie W3BeJIeH OT ABHUS M HEeIBHUS METOJ Ha
Oittep?

e 3a Kou croiiHoCcTH Ha 0 METOI'bT € HesIBEH?

e ll3Besere ycaoBue 3a A-yCTORYMBOCT 32 TPOU3BOJIHO 6.
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3a kou croitnoctr Ha 6 Merogbr € A-ycroituus (3a Besko h > 0)7
3a KoM CTOHHOCTH Ha § METOIBT € MOHOTOHEH (3a BesAKO h > 0)7
[Tokaxkere, 1e 3a Besiko O JITA e O(h).

CobuiectByBa i croiinoct Ha 0, 3a kosaro JITA e O(h?)?

Samaua 14. PasriexmpaMe ypaBHEHHETO

u'(t) = —300t%y°, 0<t<3

¢ HavgasHo yciaosue u(0) = 1.

[IokaxkeTe, 4e TOYHOTO pellleHHe Ha TopHaTa 3ajada Ha Komu e

1

U(l) = ——.
0 V20083 + 1

[Tpunoxkere meroja ¢ aganTueH n3dop Ha crbhkata RK23, pasriexigan Ha
yupaxkaenus ¢ Tosepanc 0.0001.

HaMepeTe AO0IIyCHaTaTa I'PEIIKa BbB BCAKa TOYKa U CpaBHETE C TOJIEpaHCa.

[Tokazkere Kak ce e u3MeHsIa CThIIKATa IPHU pellaBaneTo Ha 3ajadara. Kbie
CTbIKATa € MaJKa? 3amo?

KakBa paBHOMepHA CTBIIKA OYaKBaTe Ja € HeoOXoIuMa 3a MeTos Ha PymHre-
Kyra ot Tperu pe, 3a ja O'b/ie TOCTUTHATA CHIATA, TOTHOCT?

[Ipunoxkere MeTo Ha Pyare-KyTa OT TpeTnm pen ¢ paBHOMepHa Mperka, Ta-
Ka 4e JIa MOJIYUnTe chinaTra TouHocT. CpaBHeTe BpeMeHaTa 3a U3I'bJIHEHHE Ha
nporpamMara npu paBHOMEpPHA U aJIlallTUBHA CTBHIKA, KATO MU3I0J/3BaTe BIPa/ie-
nara ¢pyukiuga TimeUsed

Haupasere ¢bl10TO, KATO B IIPEJAUIIHATA [10TOYKA, 38 SBHUS U HESBHUS METO/
na Oiisiep n 3a Merogu Ha Pynre-KyTa ot 4eTBbpTH U et pej (3a ¢hoTBET-
Hure Tabsmiu #Ha Butcher Buxkre kunrara Ha Butcher, kagena B Moodle).

[Torbpcere nndopmarug B uHTepHer 3a Mmeroga Ha Runge-Kutta-Fehlberg
(RKF45), koiiTo e Hail-4ecTO H3MOI3BAHUAT Ha MPAKTHKA METOJ C aJallTH-
BeH m300p Ha cTbhIKara. Pemere 3ajadara, kato ro m3nosszsare. CpasHere
BpPEMeTO 3a U3II'bJIHEHNe Ha mporpamat ¢ ToBa mpu RK23.
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I'taBa 3

Jndpepenunn meroan 3a Y1V

3.1 Yacrtam mudepennuajnn ypaBHeHus. BbBemae-
HUE.

3.2 JIudepeHdHn MeTOoamM 3a YNUCJIEHOTO perniaBaHe
Ha MapaboJInYHu ypaBHEHUS

3.2.1 4Bna mudependna cxema 3a e JHOMEPHOTO JIMHEITHO ypaB-
HEHNE Ha TOIMJIOMPOBOIHOCTTA

Judysusta e eIMHUAT OCHOBEH NPOIIEC, KOUTO 0OyCIaBs JIBUKEHUETO B IIPUPO/IATA.
[Ipu Hero BemecTBaTa Ce PA3MPOCTPAHSBAT OT MECTa C IIO-TOJAMA KOHIEHTPALUS
(TeMIepaTypa, eHeprus,...) K'bM MeCTa C TO-MaJjKa KOHIEHTPAIUs (TeMIepaTypa,
eneprus,...). [lle usBegem ypashenuero Ha audysusara (TOMIONPOBOAHOCTTA) B €J1-
HOMEpHHUS cjydail (T.e. KOraTo MpOIEChT 3aBUCH CAMO OT €JHA MPOCTPAHCTBEHA
npoMeHrBa). MaremaTndeckuaT Mojies ce ba3npa Ha 3aKOH 3a 3amna3BaHe (Ha KOH-
[eHTpalus, Ha TolmHa u Ap.) Foagma yacTt oT 3akoHUTE BBHB (pu3uKara ca
MMEHHO OTParkeHne Ha HAKAKbB 3aKOH 34 3ama3BaHe.

[Ile u3BemeM ypaBHEHHETO, PA3ChKIABANKH 3a KOHIEHTPAIUATA Ha JAJeHO Be-
IIECTBO, HO ¢ AHAJOTMYHU PA3ChKJICHUSA MOKEM Ja M3BEJEM CbIIOTO yDPABHEHHE,
UHTEPIPETUPAHO OT IJIeAHA TOYKA PA3NPOCTPAHEHUETO Ha TOIJIMHA U JP.

Pasryiexxjame jibjira 1 ThHKa TPpbhOa, B KOATO IpHEMaMe, ue PasIpe/ e eHHeTO
Ha BELIeCTBO B €JHO HAIPEYHO CEYeHHe € XOMOIeHHO, T.e. KOHIEHTPAIUsSTa Ha Be-
MEeCTBOTO (HeKa st GEJIEXKUM € 1) 3aBUCH CAMO OT €THA TPOCTPAHCTBEHA TIPOMEHINBA
x, r.e. u=u(z,t).

Heka ¢ j(z,t) o3HagmM moTOKa Ha BEIIECTBOTO B TOYKATA X BCJIEJCTBHE HA JIH-
dbysusTa, T.6. TOBA € CKOPOCTTA, ¢ KOATO BENIECTBOTO IIPEMUHABA IPe3 Ta3h TOUYKA.
Heka npuemeM, ye TpbbarTa e j100pe yILIbTHEHA, T.e. Ipe3 OKOJHATA | IOBbPXHUHA
He IIPEeMHHABA BEIeCTBO.

Heka pasriegame eun JocTaTbaHo MarbK uHTepBat (€, & + Af]:
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Gy

= £

E+AgY

RN

V3MeHeHneTo Ha KOHIEHTPAIHATa B JaJIeHHS HHTEPBaJ € PaBHO Ha pa3JinKaTa
Ha BXOAAIINS W U3XOAAINNS IIOTOK, T.€.

U3MeHeHneTo Ha KoHneHTparusta = j(&,t) — j(€ + A, t).

M3MeHeHneTo 3a €JIUHUIIA BpeMe B JajleHa TOYKa OT HHTepBaja e %. 3a n1a

IIOJIy9UuM O6HIOTO n3MeHenue B nHTepBaJa, TpH6Ba Ja CyMHpaMe U3MEHCHUATa BbB
BCdKa TOYKa U II0J1y4daBaMe

E+AE 9
| S =6t -ite+ ac)
3

Tosa e muTerpaiHaTa popMa Ha 3aKOHA 3a 3amasBaHe. OOMKHOBEHO, TS HE
ce M3I0JI3Ba B TO3U BHUJ, a Ce CBexKj1a 10 audepeHnnaina. EIuH Bb3MOKeH MOIX0T
e cJIeJHUST.

[Tpecmgarame unTerpaJsa B JisiBaTa CTpaHa 110 popMmyJiara Ha MEHTPAJHUTE [IPa-
BOBI'BJIHUIIU U IIOJTyIaBaMe

0 A
G (64 550) Ak 088 = ie.t) — i + a6 1)

Hemum npete crpann Ha A& U TOTydaBaMe

o (5 rowe = AE

U cera, myckaitkn A& ma kiaoru KbM 0, morydaBame audpepeHmuaiiHara dpopma
HA 3aKOHA 3a 3ala3BaHe:
@ = _@ t)
ot Ox (&:1):
B mocienHOTO ypaBHEHHE BCe OIlle NPUCHCTBAT JBEe HEU3BECTHH (DYHKIHH —
u(x,t) u j(x,t). OkassBa ce obaue, 4e CbIIECTBYBA Bpb3Ka Mexkiy TsXx. Ts e ekc-
IepuMeHTaJIHO YCTaHOBEHAa U HOCU HUMETO SaKOH Ha (DI/IK (B TOILJIONIPOBOAHOCTTA —

Bakon Ha @ypwue). Crnopes HErO MOTOK'BT € MPOMOPIUOHATIEH HA PA3JINKATA B KOH-
neHTpanuuTe (O-TOYHO HA TPAJHEHTA), T.e.

ou

j(z,t) = —D—.

ox
BaMecTBaiiku 1mMocaeIHOTO B rupepennuainaTa ¢popMa Ha 3aKoHa 3a 3ala3BaHe,
moJiyuaBaMe OKOHYATETHO ypaBHeHueTo Ha audysugara (oiie, ypaBHEHHe HA TOII-

JIOIIPOBOJIHOCTTA)

o6



ou D82u
ot 0x%

O1e BeHBK IIE MOAIEPTAEM, Y€ TOBA YPABHEHHE OIMCBA MHOTO PA3JIUYHHU IIPO-
Iecu — pa3npocTpaHeHne Ha TOIINHA, JIu(y3usd HA BEIECTBO, PA3POCTPAHEHNE HA
3apas3uu 3abosgBanusd u Jp. ToBa e eHO OT ToJIeMHTe JTOCTOMHCTBA HA MaTeMaTH-
YeCKUTEe MOJEIH — Te ca abCTPaKTHU 3aJIa9d, KOUTO MOTaT Ja Ce MHTEePIPETHPAT
10 MHOT'O PA3JUYHH HAYUHUA — €IMH U C'BII MATEMATHIEeCKH 00EKT MOKe 1 ONHCBA
pa3/InIHU PEAJIHH MPOIIECH.

I raka, 111e n3/10:KMM OCHOBHUTE UJ1eM Ha, Aud)epeHIHUTe MeTO/ N 3a PeliaBaHe Ha,
YV BbpXy XOMOT'€HHOTO JIMHEHHO € THOMEPHO YpaBHEHHE Ha TOILIOMPOBOTHOCTTA

ou Da2u

ot 0x?

VMaifKi peBy, 4e B ypaBHEHNETO IPACHCTBAT MPOU3BOIHA OT BTOPH pel MO
IPOCTPAHCTBOTO U OT I'BPBU pell, € sCHO, Ue 3a [ 3aTBOPHM IudepeHINnaTHATA

331242, € HeOOXOUMO JIa HAJIOKUM JiBe (I'PAHMYHU) YCJIOBHSI 110 IIPOCTPAHCTBOTO U
€IHO (HAYAIHO) IO BPEMETO:

—0. (3.1)

u(z,0) = up(x), (3.2)
uw(0,t) = ur(t), wu(l,t)=ug(t).

Hanoxenure rpaHudHE YCIOBHs ce HApUYAT IPAHUYHH YCJIOBUS OT II'bPBU
pox (rpauuynu yciaosus Ha Jupuxie). [lo-nararbk mme pasriegame u no-o0mm
I'paHUYIHU YCJIOBUA.

3a caMoTO mOCTposiBaHe Ha jaudepeHUHATa CXeMa IIOAXOXKIaMe II0 I0A00eH Ha-
YHUH Ha TOBA, KOeTo HampasuxMe 1mpu Merogaute 3a OLY or nbpsu pex. e guckpe-
TH3UpaMe JudepeHInaIHaTa 3a/1a4a, KaTo BbBEIeM MpexKa OT BDH3JIU, B KOUTO IIIe
TbPCUM CTOHHOCTHUTE Ha MPUOJMIKEHOTO PelieHne, cJaeji KOeTo Ie alpOKCuMupaMe
IPOM3BOJIHUTE YPe3 U3BECTHUTE HU (DOPMYJIN 3a YUCIEHO JudepeHImpaHe.

Ob6nacTTa, B KOSTO pas3riekIaMe 3a1a9aTa € TPaBObIbIHAK BT

R={(z,t):0<2<,0<t<T}.

[Tpocrara reomerpus Ha JedbuHAUIIOHHATA 001acT HA u(X,t) (KOATO € HAIBJIHO ec-
TECTBEHA 3a Pa3Iviezk/aHara eJIHOMEDHA [0 IPOCTPAHCTBOTO HECTAIMOHADHA 3a/1a-
Ya) HE MO3BOJIABA JIa BbBEJEM PABHOMEDPHA MPEeXkKAa' ¢bC CTBIKH 110 MPOCTPAHC-
TBOTO U MO BPEMETO, CbOTBETHO A U T, MO CJIJIHUsS HAUNH:

Whr = {(xi,tj) 2y = th,t; = j7,i =0,n,5 = 0,m,n=1/h,m=T/7}.

)

CroifinocTTa Ha IPHOJIMKEHOTO pellleHHe B TouKaTa (z;,t;) Ie Gee:KuM c yg .
MHoxKecTBOTO 0T BB3/H, 33 KOUTO ¢ = t; Ie HapuiaMe j-TH CJIOH IO BpeMeTo.
OT HaYaJIHOTO YCJIOBHE HH € W3BECTHA CTOHHOCTTA HA pemenneTo Ha 0-BHSA €0
10 BPEMEeTO
YY) = ug(z;), i=0,n. (3.4)
! Tla oT6eseskuM, 9e e Bb3MOYKHO M3TOI3BAHETO Ha HEPABHOMEDHI ¥ JANTHBHH MPEXKU, KOUTO

J1a Obgar moaxoadIu (B HAKAKBB CMUCHI) 338 KOHKDETHATa PellaBaHa 3a/ada, HO TOBA U3JIU3a
CBIECTBEHO U3BbH PAMKUTE HA HACTOAIIMA yBOJEH KypC.
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Torasa, ako Ha 6a3ara Ha nndopmaugTa 3a 0-Busd CJIOU, MOXKEM J1a ITPEeCMeTHEM
CTOHHOCTHTE Ha HPHOIMZKEHOTO pellleHue Ha 1-BUsl, OTTaM Ha 2-pud ¥ T.H., WJIH
n3001110, aK0, 3HaelKM cToifHOCTUTEe HA HTPUOJIUKEHOTO peIlleHue Ha j-TUs CJIOH,
MOZKeM Ja HamepuM Te3u Ha j + l-us (j = 0,...,m — 1), e MoxKeM Jja HaMepuM
BCUYKH TbPCEHU CTONHOCTH.

000000000020 0—0—0—0—0—0-0-0-0020 000000000020
0—0—0—0—0—0—0-0-0-020 0—0—0—0—0—0-0-0-0-0=0 0—0—0—0—0—0—0-0-0-0=0
00000000000 00000000000 00000000000
0—0—0—0—0—0-0-0-0-0-0 0—0—0—0—0—0-0-0-0-0-0 0—0—0—0—0—000000..
000000000020 O—H—O—Q—Q—O—H—Q—QI 00000000000 =

1 taka, Heka nmpuemMeM, 4e ca HU MU3BECTHH CTOWHOCTHTE HA j-THUS CJIOW 1O Bpe-
Meto. Ille Tbpcum Te3u Ha j + 1-Bugd. Bpb3kaTra MexK1y cTORHOCTHTE HA TPUOIUzKe-
HOTO pellleHune, pa3dupa ce, Iie MOJYIUM KaTo alpoKCHMUpaMme JudepeHInaIHoTo
ypasuenue (3.1) B Touxara (z;,t;). AIPOKCHMUDANKH IPOU3BOAHATA 110 BPEMETO C
dopmynaTa ¢ pazauKa HAIpe] W IPOU3BOJAHATA MO MPOCTPAHCTBOTO ¢ (opMysia C

[eHTPAJIHA Pa3InKa OT BTOPHU pel, mojaydaBame audepeHdnoro ypasaenne ¢ JIT'A
Oh? + 1)

A S e i 1

T h?

=0, i=1,n—1, j=0,m—1. (3.5)

B mero ygacTBaT CTOHOCTATE HAa IPUOINZKEHOTO PEIeHne B TOUKHUTE ¢ HHICKCH
(1—1,7), (4,7), (i+1,7) u (i,j+ 1), KaTo camo HmoOCaeTHATA CTORHOCT € Hen3BEeCTHA.
ToBa o3Ha4aBa, 4Ye MOJydYeHATA CXeMa € sBHA, T'hil KATO OT TOPHOTO yPaBHEHHE

. j+1
MOZKEM JIMPEKTHO /13 HAMEPHM CTONHOCTTA Y] +
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j+1-Bu cnoi

j-Tv cno#

i i i
Yici i Vi

Tesn werupn Toukn oOpasysar T.Hap. IMIAGJIOH 33 ToUKaTa (X;,1;), B KOATO all-
POCKUMUpPaMe OPUTHHAJIHATA JudepPeHIInaTHa 32,/1a49a.

[11ab610HBT MOXKEM J1a MOCTABUM TaKa, Y€ 1a HAMEPUM BCHYKH BbTPEIIHH TOTKH
Ha j + 1-Bug cJioit 10 BpeMeTo.

3a rpaHUYHUTE TOUKH IIe W3M0I3BaMe IPAHUYHHUTE YCJIOBUS:

' =ur(tin), w =ur(tin), j=0m—1. (3.6)

U raka, ypaBuenusTa (3.4), (3.5), (3.6) anpokcumupar opuruHaaHara audepen-
nuaaHa 3a1ada ¢ andepenvyna Takapa. PermaBaiiku ypaBaenue (3.5) 10 OTHOIIEHHEe
HA €JMHCTBEHOTO HEU3BECTHO yf“, noJiygaBaMe T.Hap. KAHOHUYEH BUJ HA OU-
depenuynara cxema:

| DTN G DT T T
yl = (1—2ﬁ) vitor Wity i=Ln-1j=0m~-1,
v = uo(x:), i=0,n,

yé“ = ur(tjt1), I =

(3.7)
ug(tj1), j=0,m—1.

NMmnaemenTupaHeTo Ha edHA AudepeHYHa cXxeMa OT TOpHusd Bug Tpao0-
Ba JIa CJIeZIBA CJEJHUSA aJITOPUTHM:

1. V3non3saiiku HA4YaIHOTO yCJIOBHE, HAMHUPaMe CTOHHOCTUTE Ha IIbPBUS CJOMH
110 BPEeMeTO.

2. Nrepupame o 7 = 0,m — 1. Ha Bcgka urepanusi 0T CTOWHOCTUTE HA jJ-THS
cJI0ff HaMHUpaMme Te3n Ha j + 1-Bud.

e Or anpokcuManusTa Ha OCHOBHOTO JiDEPEHITMAIHO YPABHEHUE HAMUPA-
M€ CTOWHOCTUTE BbB BBHTPEITHUTE TOYKH OT MPErKaTa.
e Or rpaHwYHUTE YCJAOBUS HAMHUPAMe CTOHHOCTUTE HA NPUOJIHKEHOTO pe-

nienne B 'paHUYHUTE TOYKHU.

[Mle npeoxkum dynkmnus B Mathematica, KogTO UMILIEMEHTHDA TOpHATA JIH-
dependHa cxema.
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n4sl= heat Equationfl _, T, h_, u0_, uL_, uR_, d_1:=

t=h?/(3d);

n==Ceiling[l /hl;
m=Ceiling[T/];

t =Table[(j -1) z, {j, 1, m+1}];
x=Table[(i -1)h, {i, 1, n+1}];
y = Tabl e[0, {n+1}, {m+1}];
(*Initial conditionx)

For[i =1, i s n+1, i ++,

yI[[i, 111 =uO[X[[i1]]

1
(xlterate over the time nodesx)

For[j =1, ] smj ++,

(*Conpute the internal values fromthe main PDEx)

For[i =2, 0 2N, i ++,
o dz o dz . . . .
yIlLi, j +111 = (1-2—))/[[', J11+— (yIDl -1, j11+y[li +1,11)
h2 h2

(*Conput e the boundary val ues fromthe boundary conditionsx)
YI[L, j +1]1 =uL[t [[j +1]11;
yIi[n+1, j +111 =uR[t [[j +1]]1

{x, t, y}

)

Koraro u3cieapame ejinn gudepeHdaer MeTo/l, e 100pe Ja MOXKeM Jia I'0 TeCTBaMe
B YaCTeH CJIydail Ha 3ajadaTa, 3a KOWTO e H3BeCTHO TOYHO DeleHne (KoraTo TOBa e
Bb3MOKHO). 3a Tas3w IeJ1 e TPHJIOKIM MUMILIeMeHTHpaHaTa (rudepeHdHa cxema 3a
cJIeJIHATA 3a1a4a;

ou  O?
0_1:_0_2:0’ O<z<1 0<t<0.1
x
u(z,0) = sin(27x), (3.8)
u(0,t) = u(1,t) =0,
KOSITO MMa TOYHO PEIeHHe
w(z,t) = e tsin(27z). (3.9)
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UO[x_1:=Sin[2Pi x]
uL[t_1:=0
uR[t _1:=0
resX = heat Equation[l1, 0.5, 0.01, u0O, uL, uR 11[[1]1;
resT = heat Equation[1l, 0.5, 0.01, u0O, uL, uR 11[[2]];
resY = heat Equati on[1, 0.5, 0.01, u0, uL, uR, 11[[311;
Mani pul at e

Show|

Li st Pl ot [
Tabl e[{resX[[i]], resY[[i, j11}, (i, 1, Length[resX]}], PlotRange » Al | ],
Pl ot [E-#P"2resTUIl §in[2 Pi x], {x, 0, 1}, PlotStyl e - Red]

]

{i, 1, Length[resT], 1}]

['pacbukure Ha TPUOIUIKEHOTO H TOYHOTO PEIleHe (ChOTBETHO ChC¢ CHHU TOUYKH
u yepsena qunus) 3a t = 0,0.015,0.03,0.08 ca npuaoKeH MO-I0IY:

101 101

05 05

02 04 \ 06 08 do 02 04 06 08 /o
\ /
—10l / -0l

101 101

05 05

00 L I L e, I I i 00 | | J
0.2 0.4 *e., 0.6 08 10 0.2 0.4 0.6 0.8 10

-1.0- -10-

Buzyasiao, npubanzKeHoTO U TOYHOTO PeIlleHne ChBIAIaT.

B HavdaJIHUA MOMEHT OT BpeMe TeMIlepaTypaTa B IMI'bpBaTa MOJIOBHHa OT WHTEP-
BaJjIa € MMOJIOKUTEIHA, a8 BbB BTOpaTa — OTPHIATe]HA. [ pAHHYHATE YCIOBUS O3HAYA-
BaT, 4ye B JBaTa Kpag Ha 00JacTTa MMa MOTIBLIATE] Ha TOILIMHA, KORTO HOIbPKA
remueparypara 0 (Heka 3a onpejejeHocr Mucaum, de Temueparypara e B °C'). C
TeYeHNe Ha BPEMETO, BCJAEJCTBHE Ha Jupy3udara, TeMueparypara B JaBaTa N0JIOBH-
Ha HaMaJisgBa, a B JIICHATA CTpaHa pacTe, KATO OKOHYATETHO C€ YCTAaHOBIBA OKOJIO
paBHOBecHO cbeTosiHue 0°C' B nisitaTa, JedUHUITNOHHA 00JIACT.

CboTBETHHTE CTOMHOCTH Ha IpelIKaTa II0 abCOJIOTHA CTONHOCT B TOYKHUTE OT
mpexkara (upoiyckame t = 0, Tbil Karo Tam rpemkara odeuano e 0) ca:
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0.0001

0.00008

0.00012

0.00010

. 0.00008 - .
. .

0.00006 - . . 0.00006 -

0.00004 . . 000004 * . .

0.00002 - * . . 0.00002 |- *

0.00004 - e, e o,
0.00003 -
0.00002 - . . .

000001 . . .

3a pazrieanusa BpeMeBH HHTepBal MAKCUMYMbT Ha I'DelIKaTa HaMaJIsgBa ¢ I
nmopaabK — ot 107% 10 107°. ToBa e cBBHP3aHO CbHC CBOWCTBOTO Ha MAapaGOIMIHHA
nudpepeHnnaIeH onepaTop, KOWTo uMa H3LIaxKaanl edekT. 3acera Ime ce orpaHu-
9UM C TO3M JIAKOHUYeH KoMeHTap. [1o-1oapobHo 1e KoMeHTHpaMe BbIIpoca, KOraTo
pasrjiezkjjaMe XunepooJMIHUTe yPABHEHUS.

YucieHuTe eKCIIepUMEHTH BDbPXY pasrjejaHara MOJeIHa 3ajada JaBar J100pH
pe3yJITATH U MOBEJICHUETO HA YHCJICHHS METOJ BbpXy Hes € J100po, KOeTo HH JTaBa
OCHOBaHHE JIa TO M3TOJI3BaMe U BbPXY JAPYIH 3aIa4Md.

[Ipeju j1a mpeMuneM K'bM TaKuBa 0bave, € He0OXOMMO J1a KOMEHTHPAME BbIIPOCa
3a YCTOMYMBOCTTA HA pa3lJieKaanuTe jaudpepeHdrn MeToau. B KOHKpeTHus Ciydaii
U3CJIEIBAHETO 33 YCTOWUMBOCT € CBbP3aHO ¢ T.HAP. YCJIOBUE 3a TOJOKUTETHOCT HA
koedunuenture. Tyk 1me gagzemM (pOpMYyJIHPOBKA, KOATO HE € MHOI'O TOYHA, HO €
JIOCTATBhIHA 34 IeJUTe Ha pas3lyIeKIaHuTe 3191,

Axo Bcmuku KoedbunmeHTn B KaHOHm4YHUSA Buzg (3.7) ca mosoxxuresn-
HU YHCJa, TO MeTOABT € ycroituus. [lo-rouna ¢popmynpoBKa Ha MUTUPAHOTO
YCJIOBHE MOYKe Ja ce HamepH B [3)].

Heka cera pasriename 3aja4a 3a € ITHOMEPHO TsJI0 ¢ HadaJHa Temiepatypa 0°C,
KOSITO CXeMaTHIHO € IPeJACTaBeHa MO-T0JY:

HYIIEE IIOTOK MOTTBIIATET HA

Ha TOIUIMHA TOMHHA,
koiiTo moambpiKa

Temnepatypara 0° C
\

A
\
\

T 1

|~e

0 4
1

=

|
M3TOYHHUK Ha TOILUTHHA
100° C
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Ocpen audysusiTa, B TO3U CJAyUail e pasriegame TOIIOOOMEH ¢ BbHITHATA, Cpe-
na. Torasa

U3MEHEHHETO Ha TeMIleparypara = Ju@y3uOHEH YJIeH~+TOIJI000MEH C BbHIHATA CPEJIa.

Tomm006MeHbT ¢ BHHITHATA CPeJia € IPOMOPIUOHAIEH Ha PA3IUKATa B TeMIIEpa-
TypaTa Ha TSJIOTO W BbHIIHATA Cpesa, T.e. Ha v(x) — u(x,t), Kbaero

100, z < 1/10

v(x) = :
0, a>1/10

Heka o3naunm koedulinenTa Ha HPOLHOPIUOHAIHOCT ¢ . B ducjienuTe eKCliepuMeH-
TH T1e TpueMeM, de s = 1.
Torapa mudepeHnnajHOTO ypaBHEHNE, OMKUCBAIIO TPOIIEca, €
ou 0%u
— = Do + #(v(z) —u).
ot ox
JscHOTO rpanudHo ycaoBue e oT ubpeu poxa — u(1l,t) = 0.
3a J1a HAJOXKHUM YCJIOBUE 3a HYJIEB ITOTOK HA TOILIMHA HA JsgBaTa I'PAHUIA, IIe
B3eMeM TPEeJIBH/I, Y€ MOTOKBT HA TOIJIMHA € MPOMOpIHOHaIeH Ha Ju/0T, T.e. HATA-
raMe yCJIOBHETO

Ou/0x(0,t) = 0.
['panwvHu ycjg0BUSA OT BHJIA
0u/0x(0,t) = by

ce HapuU4YaT T'PAHUYHHU YCJIOBHsI OT BTOPHU POJI WJIM T'PAHUYHHU YCJIOBUsI Ha (POH-
Hoiiman.
I taka, pasriexkaame aucepeHIaanaTa 3a1ada

du 0?u

- _ D= = < 0. .
5 Dax2+%u v(z)x, 0<z<l1, 0<t<0.1 (3.10)
u(z,0) =0,

ou

—(0,t) =0

ax( 7)

u(1,t) = 0.

3a ampokcuMmanuaTa Ha JudepeHInaIHOTO YpaBHEHHE, HAYAJIHOTO U JIICHOTO
IPAHUYHHU YCJIOBU TMOJIXOXK/aMe, KAKTO W B IPEJUITHIS TTPUMED.

[TonyuaBame
I g ) Yy ARy
: Yi  pYn” yz_l%—%yl—v(xl)% i=1l,n—1j=1m~-1
T o h?
=0, 1=0,n,
yﬁl =0,5=1m

(3.11)

BanucaHo B KAHOHMYEH BHUJ, I'bPBOTO YpaBHEHHUE €

DT 2Dt ;
?JZJH e (?Jz+1 + yl )+ <1 — 7'%) y! + v(x;) T

63



Heka orGesiexxum, ue nerosara JITA e O(h? + 7).
Or ycs10BHETO 32 HOJIOXKHTETHOCT Ha KOoeUIMEeHTHTE T10J1y YaBaMe

2DT <0 s < h?
— T —_—.
2 = T=9D ¥ a2

1—

Heka cera pasriemame BBIIPOCA 33 alPOKUCMUPAHETO HA JITBOTO TPAHUYHO YC-
JIOBHE, KOETO € OT BTOpH poji. BbuxmMe nckanu ga n3moasBaMe hopMyiaTa 3a IUCICHO
nudpepeHIupaHe ¢ MeHTPAIHa PA3JINKa, Thil KATO T HMa BTOPH Pejl Ha TOIHOCT. 10-
Ba obade, pa3bupa ce, € HeBb3MOKHO, Thil KATO HIMaMe TOUYKA OT MPerKaTa BJISIBO
OT TpaHHIaTa. 3a Ja ro aupoKCuMupame, OuXMe MOTJIH 1 W3I0JA3BaMe €IUHCTBEHO
dopmysiaTa 3a YuCAEHO audepeHiupane ¢ pa3anka Hanped. [loaydaBamve andpepen-
9IHOTO YpPaBHEHNE A ‘

Y=Y
= 0,

koeto uma JITA O(h). Ako B rpaHmdHHTe TOYKH 00ade BbBEXKIAMe IDEITKa, KOITO
e OT TI0-HUCHK pe/I, TO e Oe3mosie3eH PakThT, Y€ B OCTAHAJIUTE TOYKH I'PEITKaTa HUI €
ot BTOpU pef. Cera 1me BUIUM KaK MOYKEM JIa MOBUIITUM DPeJia Ha alPOKCUMAIH 34
IPAHUYHOTO YCJIOBUE OT BTOPH POJ. Buxme Morm ga 3amuieM ciaeJHOTO PAaBEHCTBO
J J
Ul — U

0 _
—2 = 0+0(h).

BI/IXMe MOTIJIA 063}16 Aa paBBI/IeM OCTAaTbYHUA YJICH 1 [Jad HOﬂqu/IM 3a HETrO BHIA
o + O(h?) rorasa moc/ieHOTO ypaBHeHue J00UBa BUJIA

i —
A8 040t 0(?)
nJjm . .
J 50
B% -0+ 002
h
U CJIEIOBATETHO JU(PEPEHIHOTO yPAaBHEHHE
J_ ]
%7f@—o:o (3.12)

1e ATPOKCAMHEPA JIBOTO rpanudno yeaosue ¢ JITA O(h?). Ocrarbunuar unen O(h),
KOHTO MCKaMe Ja IpejcTaBEM B IpyT Bu, e BebimHocT JII'A. Heka g pasmumienm,
KaTo pa3BueM B pej Ha Teitnbp okomo x = 0:

1 o oul ul’ h2 .
e == (u+ 2 b+ 22 L o) — uf

h oz |, 0x?%|, 2
h 8%u )
2.2 T O

B nociennoro uinoaspaxme, de %(O, t) = 0. U Taka, moJayduxmMe MpeJCTaBsiHe Ha
2
g% (IO-TOYHO, ampPOKCUMAIHSITA
Ha TOCJIeJIHOTO) B JigBaTa cTpaHa Ha (3.12), 1e moayduM anpoKCHMAIUs ¢ BTOPU

pen Ha TouHOCT. IIpobiiembr obatde e, Ye 10 aOCOMIOTHO ChINATA TIPUIUHA, TOPAIA

JIT'A B kenanusg Buj. Torapa, ako 3aMeCTHM © C
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KOSITO HE MOXKaxMe Jla u3nossBame popMmysara ¢ MEHTPaJHA Pa3/IuKa 3a allPOKCH-
Malus Ha TPOW3BOJHATA OT MbPBU PeJ, HE MOYKEM Ja alpOKCHMHUpaMe W BTOpaTa
MPOM3BOHA. 32 JIa PEITUM TO3W TPOo0eM TPaBUM €HO ChINECTBEHO JIOMYCKaHe,
a UMEHHO — 4Ye OCHOBHOTO Judepeniuanio ypasuerue (3.10) e u3mbJHEHO U TIpH
x = 0. ToBa momyckane e 060CHOBAHO, Thil KATO (PU3UIECKUTE IPOIECH UMAT JIOC-
TATBIHO TVIAJIKO TOBEJICHIE U cienoBaresino Gaktbr, 4e (3.10) e u3irbJaHeHo BbpXy
orBopenus uurepsas x € (0,1), Hu JaBa OCHOBaHUE Ja IPUEMeM, Y€ B 'DAHUIHUTE
TOYKH CHITO € U3IMIBJIHEHO C JIOCTATHIHO MAJKa I'peTrKa.

Torapa MozKkeM J1a U3pa3uM BTOpaTa IPOU3BOJHA MO ITPOCTPAHCTBOTO Upe3 MPO-
M3BOIHATA 1O BpeMmeTo. [lorydaBame

u_ 1 (on
or2 D

S — #(0(0) - u)) .

Torasa, kaTo m3MOI3BaMe MOCAEIHOTO, 3aMecTBaMe ¢ B (3.12) m mosrydaBame
OKOHYATEJHO AMPOKCHMAIN HA TPAHUIHOTO ycaosue ¢ rpenmika O(h? 4 7):

vi—w hl (g =y

[ R e(0) - ) ) =0

Banucano B KAHOHMYEH BUJI, JuepeHIHOTO YpaBHEHHE JI0OHBA BUIA

; 21D . 2Dt
yé“z( ~ 3 —%7') vl + 2 yi + v(0) 2T (3.13)

I raka, nosyunxme jgudepenynara cxema (3.11), (3.13).
[Ipunarame meitna npuMmepHa umMiieMentarnus B Mathematica:
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In[1]:=

heat Equation[l _, T_, h_, u0_, d_, x_1:=

t=h?/(3d+xh"2);
n==Ceiling[l /h];

m=Cei ling[T/ t];

t =Table[(j -1) T, {j, 1, m+1}];
Xx=Table[(i -1)h, {i, 1, n+1}];
y = Tabl e[0, {n+1}, {m+1}];
(x*Initial conditionx)

For[i =1, i = n+1, i ++,

YyIIi, 111 =u0[X[[i1]]

1
(xlterate over the tine nodesx)

For[j =1, ] smj++,

(xConpute the internal values fromthe nmai n PDEx)

For[i =2, 0 2N, i ++,

yro, j +111 =

dz o dz . . . . .
(1-2E-tx)y[[l, J]]+F (YOO -1, J11+y [0 +1, j11) +VIXI[I 1]1] T«

(*Conmput e the boundary val ues fromthe boundary conditionsx)
dz

dzt 2
YL, | +11] = (1_2?_”]”[1, P11 +—— y[[2, j1]+100 cx;

h2
y[[n+1, j +1]11 =0

{x, t, y}

|

Hexka pasriename npubsmkenoro perenne 3a t = 0,0.003,0.03,0.17,0.5,0.83:
nzi= uO[x_]1:=0

vix_]:=I1f[x <1710, 100, 0]

resX = heat Equation[l, 1, 0.01, uO, 1, 171[[1]1;

resT = heat Equation[l, 1, 0.01, u0O, 1, 11[[2]];

resY = heat Equati on[1, 1, 0.01, u0O, 1, 11[[311;

Mani pul at e[

ListPlot [Tabl e[{resX[[i 1], resY[[i, j11}, {i, 1, Length[resX]}],
Pl ot Range » {{0, 1}, {0, 10}}],

{i, 1, Length[resT], 1}]

10 101

s

02 04 06 08 ¢ 00 02 04 06 08 10 00 02 04 06 08 1c
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BenencTBue Ha n3TOYHUKA HA TOILIMHA, TEMIIEpATYPaTa e IMOBUIIABa B HAYAJIOTO
Ha WHTepBaJia, Karo jaudys3udara si pasupocTpaHsBa B 1ens uHrepBas. llopaju
OTJIbIATE IS HA TOILJIMHA Ha JsICHATA TPAHUIA, TEMIIEPATYPHUSIT TPOPUJI JOCTHTA,
PaBHOBECHOTO CH ChCTOSHUE, M300pa3eHo Ha MOocIe/iHaTa Tpaduka.

Baxk#o cBoiicTBO HAa mapaboOJNYHUSA OMEPATOP €, ¥e TOI MMa 3arjiaxk-
gari epexT. Haanunero Ha 0oco6eHOCTH B HAYAJTHATE YCIOBHSA — JIUIICA HA TIAIKOCT
WK JIOPU HEHPEK'bCHATOCT — HE BOJU JIO CbhINECTBEHU 1POOJIeMHU IIPU YUCJIEHOTO
pentaBane Ha napabonndHu ypaBHeHus. [[poduabT Ha peleHneTo ¢ TeYeHHe Ha,
BpeMeTo ‘“‘ce 3aryiazkaa’.

3.2.2 Ywucro HedgBHA cxeMa 3a YPaBHEHHETO HA AnQy3uATa

Yes10BHETO 3a YCTORYMBOCT IIPU IBHATA CXEMa, O3HAYaBa, de CThIKATA M0 BPEMETO,
7, TpsA6Ba Ja e oT mopaabka Ha h?. ToBa MOxKe Ja I0Beje 10 HeOOXOAUMOCTTA OT
paboraTa ¢ MHOIO MaJKa CTBIKA IO BPEMETO.

OnuTrsT HE OT pemaBanero Ha OJLY moackaspa, de To3u mpodaeM 01 MOI'bJI /14, Ce
peIln, ako M3M0/I3BaMe HEesIBHH METOJH 3a pelraBaHeTo Ha 3aaadara. 1lle m3moxum
HjeaTa OTHOBO BBbPXY 3agadara (3.8), mmarma Togno perrerne (3.9). 3a ygo06¢TBO,
HeKa TYK OTHOBO MPUJIOXKUM OCHOBHOTO JudepeHinaino ypapaenue B (3.8):

ou  J%u

———=0, O0<2z<1, 0<t<L0.1 3.14
ot 0x? - (3:14)

[Ipu u3BekaHeTo Ha SIBHATA CXeMa, allPOKCHMUPAXMe OCHOBHOTO ypaBHenue (3.14)

Ha j-THs ¢a0it mo Bpemero (Bk. (3.5)). Momyunxme

J+1 g

J J J
Y; Yi  Yior — 2y TYin L
— - 3 =0, i=1I,n—1, j=0,m— 1, (3.15)

KbICTO e JUHCTBCHOTO HEU3BECTHO € ylj+1.

Mozkem obade a TOIXOAUM MO aHAJOTUYIEH HAYMH, KATO HAIIPABAM AllPOKCAMa-
nmuaTa Ha j+ 1-Bud cJI0#, KaTo 38 MPOM3BOIHATA IO BPEMETO H3IoI3BaMe opmyiaTa
¢ paznuka "Hazam. [lorygasame

Jj+1

j j+1 1, g+l
y[ J J _ 2 J + y]

% _ Y — % Bl j=T,n—1, j=0,m—1  (3.16)

T h?

O4eBHIHO HOTyYeHATA ANMPOKCUMAINS € HesBHA, Thil KATO B yPABHEHIETO y4acTBaT
3 memssecrnn — v 1),y vl Tl Ao pasriename kanommanus s na (3.16) obaue,
craBa sICHO KaKBO € HPEJUMCTBOTO B TO3M CJIydail, a UMEHHO — yCTONYMBOCT LpH
IPOU3BOJIEH M300p HA CTHIKATa 1Mo BpemeTo (BiK. [3]).

Hsama fa ce cnupamMe mo-mogpoOHO HA THCTO HEesIBHATA CXeMa, T'hil KaTo HefiHaTta
MMILIEMEHTAINS € AaHAJTOTMYHA Ha Ta3H Mpu cxeMarta Ha Kpank—HUKBICHH, KoATO

e pasrJiejiaMe B cjieBalllaTa CeKIus.
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3.2.3 Cxemnu c Terso. Merona va Kpask—HukbiacbH.

Ot (3.15) u (3.16) MOXKeM [ia TOJIyYnM KJIaC OT CXeMH ¢ TerJI0. Y MHOYKaBailKu JBeTe
crpanu Ha (3.15) ¢be 0, a Te3u Ha (3.5) ¢ 1 —0 u cHOUpARKH TOUIEHHO, TOJIYdaBaMe

G+l _ g W JHL g gt gt
yz yz _O_yl—l yl y2+1_(1_a>y1—1 yl yl-‘rl — 0, 7/ — 1’77/ _ 1’ j — O’m _ 1
T h? h?

(3.17)

Moxe ma ce nokaxe (Bk. [3]), 4e maii-nobpuar u3b0p HA 0, OT IJIEJHA TOUIKA
Ha TOYHOCT Ha Meroja, e 0 = 1/2. TTosydyenara cxema ce Hapuda cxema Ha KpaHk—
Huxbiacon u uva JITA O(h? + 72).

OueBH/1HO, 32 13 HAMEPUM CTORHOCTHTE Ha HPHOJIHKEHOTO PellleHne Ha j + 1-Bus
CJI0} IO BpeMeTo, TpsibBa [a perraBaMe CHcTeMa OT 1+ 1 ypaBHeHHs (BKIIOUBANKH
U yDABHEHUSTA, IOJyYEHH OT IPAHUIHUTE YCJIOBHS ).

3a cxemara Ha Kpank-Hukbiacbe JuHeiiHATA CHCTEMA, KOSITO TPAOBaA /1a ce pe-
IaBa Ha BCEKNU CJIOI 10 BpeMeTo 3a 3ai. (3.8), mma Buma (mposepere!):

- T 0
1 0 v ’
, j J_oyd 4
1 1,1 1 J+1 Yi Yoty
2h2 p + h2 2h2 n T + 2h2
11 1 1 j+1 J (A, Y R )
— 553 - + vl — 552 - Yn—1 Yn—2 Yn—1TYn
2n2 7 T h 2h Yn—1 — + 2h2
J+1
i 0 Tl 1| 0

(3.18)
NMmnoiaemenTupaneTo Ha egHA HessiBHA AudpepeHYHaA cxeMa OT TOPHUA
BuI TpaOBa Aa cjeaBa CJAeOHUS AJTOPUTDHM:

1. M3nom3Baiiku HAYAJIHOTO yCJIOBHE, HAMUpaMe CTOHHOCTUTE Ha II'bPBUS CJO
IO BPEMETO.

2. Urepupame mo j = 0, m — 1. Ha Bcaka urepamug oT CTORHOCTUTE HA J-THUSI
cJIoit HaMEpaMe Te3u Ha j + 1-Busi, karo permaBame cucremara (3.18).

[Ipuiarame mpuMepHa UMILIEMEHTAIIHS:

68



3.3

3.3.1 4dBHa mudepeHUYHaA cXeMa 3a €IJHOMEPHOTO ypaBHEHUE

Hapen ¢ qudysusra, ApyrusaT oCHOBEH MPOIec, KOWTO 00yc/IaBd JIBUXKEHUETO Ha Be-
eCTBO, TeMelepaTypa | JIp. € KOHBEKIIUATa UM MPOCTHd IpeHoc. KaTo Haifl-mpocT
TpuUMep 3a TaKbB THUI JBUKEHUE TTe JaJeM KOHIEHTPAINUSITa Ha BEIEeCTBO, MyCHAa-

t =Table[(j -1) T, {j, 1, m+1}1;
x =Table[(i -1) h, {i, 1, n+1}];
y = Table[0, {n+1}, {m+1}];

(x*Initial conditions)

For[i =1, i < n+1, i ++,

yII[i, 111 =Sin[2Pi (i -1) h]
1;

(*Cenerate the matrix of the linear
system This can be done outside the for-loop, since the
matri x i s constant %)
A =Table[0, {n+1}, {n+1}];
AllL, 111 =1;
A[[n+1, n+1]] =1,
For[i =2, i <n+1, i ++,
A[li, i -111=-1/7(2h"2);
Alli, i1]1=1/t+1/h"2;
A[li, i +111 =-1/7(2h"2);
1

(xIterate over the tinme nodesx)
For[j =1, ] smj++,
(*CGenerate the right-hand side vector of the |inear systenk)
b =Tabl e[0, {n+1}];
For [k=2, k<n, K++,
yILk, j11 +y[[k-1, J11-2y[[k, j11+y[lk+1, j1]
2hn2

b[[k]] =

yNew = Li near Sol ve [A, b];
YIIAL, j +1]] = yNew

]

YHucseno pemaBaHe HAa XUIIEPOOJMYIHI 331291

Ha MPEHOCAa C IIbPBU peJi Ha alpPOKCUMAaIns
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TO B Tedama Boja (Hanpumep peka). [lpmunmnara 3a npeHoca Ha BemecTBoTO (aKo
nperebperneM audy3usaTa) € caMoTo JBHKEHHE Ha BOJATA, T.e. TS IMe IO IPEHACHT
C'bC CKOPOCT ¢, C KOATO Ce JIBUZKHN PEKaTa.

MaTeMaTHYeCKHAT MOJIEJ, OIMCBAII TO3U IIPOIEC, € XUIEePOOJHIHOTO YACTHO
nrpepeHInaIHO YPAaBHEHHE OT IIbPBHU PeJ

Ou + c% = 0. (3.19)
ot Ox
[Tocneanoro ce Hapuya ypaBHEeHHe Ha MPEHOCA WM YPABHECHHE HA KOHBEKIIHATA.
[Tle mrocTpupaMe naeaTa 3a 9YUCJICHO pelllaBaHe, KATo JaJeM IIPUMep ¢ TPaHud-
Ha 3agada B obsmactra D = {(z,t) : =10 < z < 10,0 < ¢t < T'}. 3a Ta3u nea Heka
pasriejamMe CJAeJHATe HAYaJIHO U TPAHUYHH YCIOBUSL:

95, <0
u(z,0) =ug(x) =¢25—-252, 0<x<1.
0, r>1

[Ile mocTpoum sBHA JBYCJIOWHA CXeMa 3a pelllaBaHe Ha ropHaTa 3ajada. 3a Ta3H
IeJ1 HeKa pasryiejaMe JBa MPOU3BOJHU CJIOS O BpeMeTo 7, 7 + 1 oT MpexKaTa

Wnr = {(zi,t;) : v, = =10 +ih,t; = jr,i = 0,n,5 = 0,m,n = 20/h,m = T/7}.

[TbpBara HE 1161 1MIe O'bJIE Ja AIPOKCUMEPaMe OCHOBHOTO An(epeHINAIHO ypaB-
merwe (3.19) ¢ ycroiiuunso qudepeHuHO ypaBHEHHe, KATO alPOKCUMAIHSITA II1e HAll-
paBUM B TOUKATa (T, ;).

[Ipensun pakTa, de pasriaexkgame aBycJaoiiHa audepeHyuna cxema, e scHo, Je 3a
allPOKCUMAaIUsTa Ha MPOU3BOJHATA 110 BPEMETO Iie u3roj3BaMe (popmysia 3a duc-
JIGHO JudepeHIiupane ¢ pa3Jjimka HAIpe;:

j+1
Ou _ui® —w o).
ot T
3a alpoKcuMaluaTa Ha IPOM3BOAHATA 110 IPOCTPAHCTBOTO obaye UMaMe TPU Bapu-
anTa — dopmyanTe 32 "HCIeHO AubepeHnupane ¢ MeHTPATHA PA3INKA, C PA3IHKA
HAIIpeJ, B pas3jnka Hasal. /la pasriegame KaKBH allpOKCHMAIIME MOZKeM [ HOJIy-
Y¥M, H3IIOJI3BAMKH TpUTe POPMYJIN.

1. ®opmyna c rmeHTpasHa pazauka. Mmaiiku npeaBu,i, de Ta3u opMysia nma
Hal-100bp P Ha anpoOKCUMAIHs, OUXMe HCKAJH /14 3am0vIHeM ¢ Hes. Torasa
anpokcumaruaTa Ha (3.19) nva Bua

j+1 J Joo_
Yy —Yi X C-%’+1 Yi—1
T 2h

KO€eTO, 3alliCaHO B KaHOHHUYEH BUI, €

— ()’
y! =%+§#%4—%M-

OdeBuaHO €, 9e He MOraT Jia ce u3bepaT CTOMHOCTH Ha CTBIKHTE T U h Taka,
4e YCJOBHETO 33 MOJIOZKUTEJTHOCT HA KOSPUIMEHTHUTE /13 € U3I'bJIHEHO.
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2. ®opmyJa ¢ pas3amnka Hanpen. B 1o3u ciy4ait nosiydaBame JudepeHaIHOTO
ypaBHEHHNE
J+1 J J J
Y — Y Yir1r — Y
+c
T h

KOeTO, 3alliCaHO B KaHOHUYEH BUI, €

; cT\ ; CT
J+1 _ J J
i = (14 D) ol - Tl
[ h 7 h i+1
1 B To3m cayuail ce oka3Ba, 4e He C'hIIeCTBYBAT CTONHOCTH HA CTHLIKHATE T U A
TaKHBa, 9€ YCJIOBUETO 3a IIOJIOZKUTEJIHOCT Ha KOG(bHLLHeHTI/ITe Ia € U3II'LJIHEHO.

=0,

3. @opmysa ¢ pa3jukKa Haszad. B To3m caydail nosydaBame JudepeHIHOTO

ypasHenune
R S Y R
yz yz + Cyl yl*l — 07
T h
KaHOHHUYHUAT BUJA Ha KOETO €
i cT . CT
u = (1= T )+ S (3.20)

Cera Bede e Bb3MOXKHO 78 n30epeM CTBIKH, KOUTO /18 YI0BICTBOPABAT YCJIO-
BHETO 3a MOJOKHUTEIHOCT Ha KOeDHUIMEHTHTE. 34 Ta3d IeJ € HEOOXOINMO 1
Ob/ie U3II'bJIHEHO HEPABEHCTBOTO

CT
1-——2>0
h—?

re. 7 < h/c. Tlocaeanoro ycioBue e m3BecTHO Karo yciopue Ha Courant—
Friedrichs—Lewy, karo mo-decro B JimTepaTypaTa ce cpella adpeBHATyparTa
CFL, a uucaoro cr/h e uzBectro Karo ducyo na Courant.

11 raka, 3a ga mory4yuMm ycroitumBa gudepeHYHa cXeMa, IIe U3I0TI3BaMe allpOK-
cumanusTa (3.20), Kogaro mMa Jokanua rpemka O(h + 7). Hauannoro u JsiBOTO
I'paHUIYIHHN YCJIOBUA CE€ allPOKCUMHUPAT TPUBUAJHO!

0 S e
yi = uo(xi-), i=0,n, (3.21)
vy =25, j=0,m.
3a IACHOTO IPaHUYIHO YCJIOBHE MOXKEM Ja H3MoJI3BaMe (popMysiaTa 3a IUCICHO
jqudepennupane ¢ pa3jiuka xHazaji. [losydaBaMe anmpokcuMalusaTa
i — v, —
n Il 0, j=1,m, (3.22)
h
kosiTo uma JICA O(h). Baemaiiku npeapu/ dhakTa, 4e OCHOBHOTO yPABHEHHE HMa C'b-
AT PeJl HA AITPOKCUMAIIUsT, MOYXKeM J1a u3noaspame (3.22) aupekTHo. 3a ya06¢TBO,

e 3alulleM KaKBO ce MoJydaBa Ha ] + 1-Bud pej, Thil KATO TaM ca HEU3BECTHUTE
CTORHOCTH HA MPUOJIMKEHOTO pelleHue:

U raka, noyunxme sigHa aByciaoitaa qudependna cxema ¢ JITA O(h+ 1), auiito
KAHOHUYEH BHJ ce C¢bheTon or mudepenunure ypasmenus (3.20), (3.21), (3.23) u
KOsiTO € ycroiuusa upu 7 < h/c.
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a pasrjiejiame ejiHa IpuMepHa UMILIEMeHTalusd Ha JudepeHyHara cxema 1upu
CTOIHOCT Ha MapaMeTbpa ¢ = 1

ni3= h =0. 1;
c =1,

h

T=—,

2¢c
T=5;

n==Ceiling[20/h]T;
m=Ceiling[T/t];

25 x<0
uO[x_]:={25-25x Osx=s1
0 Xx=z21
y = Tabl e[0, {n+1}, {m+1}];
X = Table[-10+i h, {i, 0, n}1;
For[i =1, i sn+1, i ++,
YI[[i, 111 =uO[X[[i]1]]
1
For[j =1, j sm | ++,
For[i =2, i sn, i ++,
yIlri,j+111=(Q1-cc/h)yl[li, jll+cc/hy[[i -1, j]1]
1
yI[1, j +1]] = 25;
yin+1, j +111 =y[In, j +111;
1

Nznon3Baiiku ropaus Ko, 1e mupejcrasuM perrenunero 3a t = 0,1,2, 3,4, 5:

= T—

-10 5 5 10 -10 -5 5 0 -10 5 5 10

10 5 5 10 -10 5 5 0 -10 5 5 10

[IpocdurbT Ha pelreHreTo ce 3ala3Ba ¢ TeUeHHe Ha BPEMEeTO, KATO Ce IpeHaCsd
HaJISICHO ¢'bC cKopocT ¢. ToBa e mpuMep 3a T.HAP. PeIleHus OT THII “Odraia BbIHa .
Kakro Bujsxme, pu mapaboJndHITe ypaBHEHUSA 0COOEHOCTUTE B HAYAJIHOTO YC-
JIOBIE HE BOJAT JI0 CHINECTBEHU POOIEMHU MIPU Y9UC/IEHOTO PEIaBaHe HA Ta1€HA JIH-
depennuaHa 3373492, TPEIBU U3TIAXK AN ePeKT HA MapabOIHIHUs OTIePaTop.
Heka BuauM gaim ToBa € Taka U OpHU XumepOoIndHuTe ypaBHeHus. Jla pasriemsame
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34, IEJITA CAETHATA 33094

ou  Ou
—+c—=0, 0 10, 0<t<3
at“ag; , <z <10, 0<t <3,
1, 1/4 <z < 3/4,
1— |4z -6 5/4<x<T/4
(. 0) = 2| x — 6], [A <z <T/4, (3.24)
cos’[m(2x —5)], 9/4 <wx <11/4,
0, nHave,

u(0,t) = u(10,t) = 0.

Heka ¢ = 1. Hanacsiiku HeobXxouMuTe KOPEKIUU B JUdepeHdIHaTa cxemMa, KOATo
IMILIEMEHTHPaxMe 3a 3a1. 3.19, mosydapamMe CIeIHOTO:

mi= h =0.01;
c =1,
h

T=—,

2c
T=3;

n==Ceiling[l0/h];
m=Cei ling[T/ t];
1 1/4<x<3/4

uo[x_]: = 1-Abs[4x-6] 5/4s<xs<7/4

Cos[Pi (2x-5)] 9/4<x<11/4
0 True

y = Tabl e[0, {n+1}, {m+1}]1;

x =Table[i h, {i, 0, n}];

For[i =1, i sn+1, i ++,

yI[i, 117 =uO[X[[i]]]

1;

For[j =1, j =m | ++,

For[i =2, i sn, i ++,
yIoli,j+111=(1-cc/h)y[li, jll+cc/hy[[i -1, j]1]
1;
y[[1, j +1]1]1 =0;

y[[n+1, j +1]] =0;

1

Pesynrarure 3a j = 0,100,400,600 ca m300pa3enn Ha cjeaBaliuTe rpaduku,

KaTO C YePBEHO € HSQ?p&SGHO TOYHOTO PEeIeHNe.

Kakro moxkem jia 3abesiezkum, nNpubJIMKEHOTO pelieHne ¢ TeYeHHe Ha BPEMeTO
ry6u OT I'bpBOHAYAJIHATA €HEPrusl U HAMAJIsiBa, KATO Ce OT/AJedaBa OT TOYHOTO.
OcBeH TOBa, MPaBOBI'bIHATA YACT OT CUTHAJA Ce 3aryIazk/1a U 3aryOBa MbpBOHAYAI-
Hara cu popma. Tozu edekr e usBecren karo “ducjiaeHa jgudy3us’ .
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3.3.2 IudepeHnuyHn cxemu 3a €JTHOMEPHOTO YPaBHEHMUE HA ITPe-
HOCA C BTOPM peJi Ha AlPOKCUMAIUsA, YCTOMYUBU B [o-
HOpMa

3a ja u3berneM ChIIeCTBEHATA 3aryda Ha TOYHOCT, KOSITO HAOIIOAABAaXMe B TOCJIEI-
HUs IpUMeD, OUXMe UCKAJIU JIa U30JI3BaMe CXEMU C 110-BUCOK Pe/Ji HA allPOKCUMAIIHSI.

KaKTO BUAdXMe B IIpeJullTHaTa CeKIUud, aKO allpOKCHUMHPpaMe II'bpBaTa IIPOU3-
BosiHa B (3.19) ¢ meHTpanHa pa3inKa, MOJIydeHATa YHCJIEHA CXeMa He YJIOBJeT-
BOpsiBa YCJIOBHETO 33 HOJIOKHUTEJTHOCT Ha KoedpHUIMeHTHUTe, T.e. He € yCTofiuuBa B
mpezkoba C-HopMma. VIHTYUTHBHO?, ToBa 03HauaBa, Ue I'PEIIKa, JOIYCHATA Ha j-THA
CJI0# TIO BpeMeTo, MOKe Ja ce HATPYIBa W /13 CTaHe MO-TOJAsIMa Ha CJAeIBAIINI, T.e.
g7 e > |l€7]|e, xbaero ,

€]l == max |[e]].
1=0,...,n

Tosa, ye MakcMMyMbT Ha IpelIKaTa MOXKe Jia pacTe obade, He O3HAYABA, 4e
38 IbJIZKUTEJIHO TOBa HapacTBaHe Ie ObJe APACTUYHO U METOIADLT Iie Oble Hems-
nos3BaeM. [lo-c1abo m3nuckBaHe e yCTORIMBOCTTA B MpeEKoBa o HOpMa. B HIKaKbB
CMHCBJI TOBA O03HAYABa yCTOMYMBOCT HA CpeaHaTa rpemka. MakcuMyMbT MOXKe U 12
pacTe, HO CpeJiHATa I'PEIKa 0cTaBa KOHTpoaupaHa. [lo-Touno Mpexkopara [o-HOPMa,
ce jedunupa Taka:

Mozke Jia ce mokazke, 4e U3M0JI3BAHETO HA HEHTPAJHA PA3JIMKA BOJIU JI0 YUCIEHA
cxXeMa, KOSTO € YCTOWYHBa B [o-HOpPMa MPU ONPEIEeTHU YCJIOBUS 3a CTHIKATA, HO HHE
HsIMa Jla ce CrupamMe Mo-TojJpoGHO Ha Ta3u cxeMa, Thil karo T uma JITA O(h%+7),
T.. HMa I'bPBH Pe/I HA AlIPOKCUMAIMS 1T0 OTHOIIEHNE HA T, & CTBIKHTE T U h ca OT
eJIMH U CBII MOPSTIbK, 32 PA3IHKa OT IBHUTE CXEMU 33 YPABHEHHETO Ha JTuQY3UITA.

EjHa or Hal-M3BECTHUTE YMCJIEHN CXEMU 3a PellaBaHe Ha YPABHEHMETO Ha, IIPe-
moca e cxemara Ha Lax-Wendrofl. Ta moxke na Obae m3BeneHa m KaTo Ce M3I0J3BA
MOJIXO/I, AaHAJOTHYEH HA TOBA, KOETO CMe pa3rjejaju JOCera B Kypca, HO TYK IIe
IPUJIOKUM €JJHO PA3IMYHO M3BeKIaHe Ha CXeMaTa.

3a ypasuenunero (3.19) nmame

- - ol ul 72 :
+1 3
Or (3.19) umame
ou ou
- = _a_7
ot ox
a, qudepeHnnpaiki JBeTe CTpaHu, MoJIydaBaMe
Pu_ 0 (Ou _ 0 (Ou
o2 ot\ox) Oz \ot
2
L
Ox?

2 amennuTe 0GSCHEHNS 33 YCTORYIMBOCT He ca ToIHI. Te mMaT 3a IeJT eIMHCTBEHO JOOUBAHETO Ha
HIKAKBa WHTYUITUS 3& PA3IUKATA MEXK/y YCTONYIMBOCT B MpexkoBa C-HOpMa M MPEKOBA [o-HOPMA
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BamecrBaiiku B (3.25), nmosysasame

J CL27_2 a2u J

. Ou
L _ g r

w =AU —a o

¢ ox

5 92 +O(73).

7 7

[Ipenebpersaiiku ocTaTbiHUS YI€H U MUHABAHKN K'bM IPUOJINKEHOTO PEIleHue,
HoJrydaBaMe CJaeJHOTO JudepeHIHO yDaBHeHHe:

j4+1 aTt 272

y T =yl — _h(yzj'-H —yi)+ Q_hz(yg-i-l =2y +yl)-

[ocrearoro uma JITA O(h? + 72). Moxke Ja ce TIOKazke, e TO € YCTOHYHBO B [
HOpMa, aKo 3a uucaoTo Ha Courant e nambianeno Courant Number := <& < 1.
[Ipurarame mpuMepHa ummaeMenTanus Ha cxemara na Lax-Wendroff 3a 3anaua-

Ta (3.24).
ne71= h = 0. 01;
c=1;
h
T=—,
2cC
T=3;

n==Ceiling[l0/h];

m=Ceiling[T/t];

1 1/4<x<3/4
1-Abs[4x-6] 5/4<x<7/4
Cos[Pi (2x-5)] 9/4<x=<11/4
0 True

uod[x_1:=

y =Tabl e[0, {n+1}, {m+1}];
x =Table[i h, {i, 0, n}I;
For[i =1, i sn+1, i ++,
yI[i, 111 =u0[x[[i]]]
K
For[j =1, jsm j++,

For[i:Z,isn,i++,

. - Ctz - .
Y[[I,J+1]]=(1-(T)]y[[I,J]]+
1 /czy2 1 (cct D1 1 /czy2 1 (Cct Dl
- - - - |_1 - — - - | )
Z(F) 3 (5[5 () -3 (F))yo i

yI[L, j +111=0;
yln+1, j +1]11=0;

]

Pesynararure or n3nossBaneTo Ha cxeMata Ha Lax-Wendroff ca ciemxaure:

AT O 0 IO 1

)
|

Kakro Buk1ame, 1ipu Hes npudINzKEHOTO PellleHre He ¢e OT/ia/le9aBa 3HaYuTe,I-
HO OT TOYHOTO 32 pa3ryiezkJaHnsgd HHTEPBAJI OT BpeMe, T.e. TO3W METOJ, 3a11a3Ba MHOTO
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10-7100pe eHeprusita B cucremara. OTHOBO ce HabJ/II01aBa YncjieHa audy3usi, ocode-
HO B TOYKHTE HA MPEK'bCBaHe, HO TO3W edeKT e 3HAUNTEeTHO mo-Ma bk. OT npyra
cTpaHa obade, cxemMarTa rydrm MOHOTOHHOCT U ce HaD/I0aBaT HeDU3WIHN OCIIUIAIIN
0KO0JI0 ocobeHoCcTUTe Ha peniennero. Ilpuunnara 3a ToBa e, e T Bede He € yCTOWIH-
Ba B MpezkoBa C-HOpMA, T.e. HsMa, KOHTPOJ BbpXY MAaKCHUMyMa Ha I'pelrkara, a caMo
BbpXy “00moTo” # nosejaenue. ChlieCTBYBAT PA3/IMYHA HOJAX0AU 38 HAMAJISBAHETO
Ha TO3U ePeKT, HO TO3W BHIPOC U3/U3a U3BbH PAMKHUTE HA HACTOLAIINS KyPC.

U raka, npu penraBaHeTo Ha XUMEPOOJMIHN YPaBHEHU TPsOBa JIa ce UMAT TPe/I-
BHJ CbOTBETHUTE 0COOEHOCTH U TPY/IHOCTH. ToBa € TemMa, KOATO U JTHEC PO IbIzKaBa
na Oble akTUBHA 00J1aCT Ha W3CJICIBAHE.

3.4 JlombJHUTEJIHU 331291

Samgada 15. Karto ce u3M0/13Ba yCJIOBHETO 33 MOJOKUTEJTHOCT Ha KOehUIIneHTHTE,
Jla ce M3CJaeBa YCTOMIMBOCTTA Ha YUCTO HesIBHA JIBYCJIOMHA CXeMa 3a ypaBHEHHETO
HA [PEHOCA, KOSITO M3I0/I13Ba 38 AlPOKCUMHUPAHE HA IIPOU3BOAHATA MO HPOCTPAHCT-
BoTO (bOpPMYJIa ¢ pa3JnKa Hanpes / pasauka Ha3al,/ NMEHTPAJHA DA3JIHKA.

Jla ce mMmmteMeHTHpa eHa OT TaKa MOJYIEHHTE CXeMH U Jia Ce TPHUIOKHU 32
pellraBaHeTO Ha 3ajJadara OT ceKnugara “ZIBHa nudepeHYHA cxeMa 3a €JIHOMEPHOTO
ypaBHeHHe Ha IpeHoca’.

Banaua 16. /la ce nocrpou gpHa judepenyna cxema ¢ JITA O(h? + 7) 3a aude-
PeHIINAIHATA 3a/a4a,

2
%_%:sm(m, 0<z<1 0<t<0.1,
u(z,0) =2* — z,

ou

- =—1

ou

—(1 =1.

ax< 7t>
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I'1aBa 4

BbBeaenue B MeToaa Ha KpaliHUTE
eJIeMeHTU

7
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