
Preliminaries from vector calculus

In order to generalize the ideas that we presented for the 1D case, we shall need
several notions from vector calculus.

The analog of the ordinary di�erential operator (actually, one of the analogs)
for higher-dimensional problems is the ∇ operator. We de�ne it in Cartesian coor-
dinates as follows:

∇ :=

(
∂

∂x
,
∂

∂y

)
.

The latter operator can be applied to di�erent objects (scalars, vectors).
If we apply it to the scalar function u, we obtain

∇u =

(
∂

∂x
,
∂

∂y

)
u =

(
∂u
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,
∂u

∂y

)
,

the so-called gradient vector. Let us remind the following important facts about
the gradient vector:

• it points in the direction of fastest increase of the function u;

• the projection of ∇u onto a direction d (unit vector) is the directional deriva-
tive in that direction, i.e.

∂u

∂d
= ∇u · d.

The ∇ operator can be applied to the vector function j = (jx, jy) in two di�erent
ways: ∇· j or ∇× j. Both of them have important physical interpretations. For the
time being, we shall be interested only in the �rst one, i.e. we shall consider the
divergence

div j := ∇ · j =

(
∂

∂x
,
∂

∂y

)
· (jx, jy) =

∂jx
∂x

+
∂jy
∂y

.

The divergence can be interpreted physically as the net out�ow per unit area at a
given point.

Having this in mind, the following fundamental theorem for the integral calculus
of vector functions can be justi�ed on an intuitive level:

Proposition 1 (Divergence theorem). Let Ω be a compact subset of Rn that has a

piecewise smooth boundary ∂Ω. If F is continuously di�erentiable function, de�ned

in an open region that contains Ω, then∫
Ω

∇ · FdΩ =

∫
∂Ω

F · nds,

where n is the outer normal.
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The physical intuition behind this theorem is the following. The out�ux at each
point needs to result in an in�ux at a �neighboring� point. Therefore, the sum of
all out�ows inside Ω must be equal to what goes out of the boundary ∂Ω.

In particular, we will be interested in using this theorem for F = jv, which
will give us an analog to the Integration by parts theorem for higher-dimensional
problems. We shall formulate it in 2D. Taking into account that∫∫

Ω

∇ · (jv)dΩ =

∫∫
Ω

(∇ · jv + j · ∇v)dΩ,

we obtain the following integration by parts formula.

Proposition 2 (Integration by parts formula). Under the assumptions of the Di-

vergence theorem, the following relation holds true:∫∫
Ω

∇ · jvdΩ = −
∫∫

Ω

j · ∇vdΩ +

∫
∂Ω

(j · n)vds.
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