Preliminaries from vector calculus

We shall first remind a few fundamental results from multivariable calculus,
concerning change of variables. Consider the following change of variables

z = z(§,m),
y =y(&n)

For what follows, let us think that the change is linear (this case will be of interest
for us), even though the results are valid in the general case.

Proposition 1 (Chain rule). For sufficiently smooth functions, the following holds
true:
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Proof. We shall prove the first equality. The second is analogous. We linearize u
and obtain (using standard notation)
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We divide both sides to Az and let Az — 0 to obtain the first equation. O
Proposition 2. Let E be the image of a given region €2 under the transformation.
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Proof. The only real challenge in proving the statement is to find the relation be-
tween df) and dfdn. Consider an infinitesimal rectangle, defined by d¢ and dn,
which is the image of df2 under the transformation with respect to the new vari-
ables. Taking into account that linear change of variables preserves parallelism, df)
must be a parallelogram.



| Y
dr
1 :
dre
dn
de (¢ :77) r=x(&n)i+y(€n)i
0 | ? FX

We can parameterize the boundary of the parallelogram as

r = (& n)i+y(& )i,

where &, ) lie on the boundary of the rectangle in & — 7. Therefore, for the sides of
the parallelogram, we obtain
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dr, = [8771 + 677J] dn.
Therefore,

QY = |dre x dr,| = | J|d¢dn.



